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This talk is based on:

@ Characterizing quasiconvexity of the pointwise infimum of a family
of arbitrary translations of quasiconvex functions, with applications
to sums and quasiconvex optimization, Mathematical
Programming 189 (2021) 315-337 (With F. Flores and N.
Hadjisavvas)

@ Closedness under addition for families of quasimonotone
operators. Optimization, 73(4), (2022) 1267—1284.
https://doi.org/10.1080/02331934.2022.2154127 (With F. Flores
and N. Hadjisavvas)
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The Framework:

X :real Banach space, X* : continuous dual, (-, -) the pairing between
X and X*. For f: X — RU {400},

e domf={xe€ X: f(x) < +oo} (domain).

e Epi(f) ={(z,0) € X xR: f(z) < a} (epigraph).
e Forany A e R
[f <Al = {z e X: f(z) <)} (sublevel set at height \)

[f <Al ={x € X: f(x) < A} (strict sublevel set at height \)
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Motivation: convex functions vs quasiconvex functions

f convex < Epi(f) is convex.

f quasiconvex < S, is convex, V A € R.
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Motivation: convex functions vs quasiconvex functions

f convex < Epi(f) is convex.

f quasiconvex < S, is convex, V A € R.

@ If f,g convex = f + g convex.
@ If f g quasiconvex = f + g is not in general quasiconvex.
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Example

f(z) =22% g(z) = —2% = (f + g)(z) = 22 — 23, is not a quasiconvex
function.
0.5
Yy
/\
—-0.5 0.5 - 1
—0.5
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Motivation: convex functions vs quasiconvex functions

Characterization subdifferential
@ f convex, Isc: (classical) Subdifferential
f convex < 0 f maximal monotone.
@ f Isc: Clarke-Rockafellar subdifferential:

Of (z) ={z" € X : M@, u) > (@, u),Yue X}, x € domf.[7]

f quasiconvex < df quasimonotone. [3]

of (x) = {:E* € X : fMx,u) > (x*,u),Yu € X}, if x € dom f;
df(z) = 0, otherwise.

fly+tv) — f(y)

fM(x,u) = suplimsup inf , forz € dom f.
6>0 y—sz vEB(u,0) 13
t\0t
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How do we preserve quasi-convexity under
summation?

Easy example
f:X — RU{+o0} quasiconvex and g : R — R nondecreasing.

[go f <], isconvex VA € R
S0, g o f quasiconvex and it is easy to show that

f 4 g o f is quasiconvex

and in other cases?
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Quasiconvex and quasimonotone families



Definition
A family A of operators 7; : X = X*, ¢ € I, will be called a quasimonotone

family, if the operator T" with graph Gr T = U Gr T; is quasimonotone.
el

Two operators T3, T5 will be called a quasimonotone pair if {71, 75} is a

quasimonotone family. )
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Definition
A family A of operators 7; : X = X*, ¢ € I, will be called a quasimonotone
family, if the operator T" with graph Gr T = U Gr T; is quasimonotone.

i€l
Two operators T3, T5 will be called a quasimonotone pair if {71, 75} is a
quasimonotone family.

Definition
A family of functions f; : X — R U {400}, i € I, is called a quasiconvex family

if for every i,j € I and every z,y € X, z € ]z, y], the following implication
holds:

fi(x) < fi(z) = f3(2) < f;(y).
Two functions fi, f> will be called a quasiconvex pair, if {f1, f2} is a
quasiconvex family.
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First result

Our first main result relates quasiconvexity of a pair of functions to quasi-
monotonicity of the pair of subdifferentials.

Theorem

Let f1, f2 : X - R U {400} be Isc functions. Then {f, f2} is a quasiconvex
pair if and only if {0 f1,0f>} is a quasimonotone pair.

Tools:

[[2, Corollary 4.3]]

Let f: X — RU {+oo} be alsc function, and a,b € X with f(a) < f(b). Then there exist
¢ € [a,b[ and sequences z, — cand z}, € df(zr), such that f (zn) — f(c) and
(z},z —xn) > 0,foreveryx = c+t(b—a)witht > 0.

[[1, Theorem 2.1]]
Let f: X — RU {+oo} be aIsc function. The following are equivalent:
(¢) f is quasiconvex;

(2¢) Fz* € 0f(z) : (x*,y—z) > 0= f(2) < f(y), Vz € [z,y].
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How big is the class of quasiconvex pairs of Isc
functions?

Candidates:

@ Type 1: f; and £, are quasiconvex, and there is a proportionality
between the subdifferentials: 0f;(z) C R;0fj(x),Vz € X,
i#ji=10ri=2.

@ Type 2: f; and f, are nondecreasing transformations of a same
quasiconvex function; that is, there exists a quasiconvex function ¢
and nondecreasing functions h1, he such that f; = hy o g and

fa=hgog.

© Type 3: f1,f> quasiconvex with argmin f; N argmin fo # 0.
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Examples:

Neither Type 1 nor Type 2
@ X =R;
22, <1,

e hw={" I5 A=l

@ 0f1 UJdf, is quasimonotone = f; + f2 is quasiconvex
@ However, neither

Ry Of1(x) C R Of2(x), Vo € Domdfa,

nor
R10fa(z) C RyIfi(z), Vo € Dom df; hold.

Yboon Garcia Ramos (UP) 13/39



Type 3

@ X =R;

@ fi(x) =min{0,z}, f2(z)=max{0,x}.

@ The subdifferentials are a quasimonotone pair, whereas one
function has no minima, the other does have minima. Here,
argmin f1 Nargmin fo = ().

It is obvious that f1 + f2 is quasiconvex.

® X =R?%;

® fi(z1,r2) = min {100z% + 3,1}
fo(x1,22) = min {x% + 10023, 1}.

@ argmin f; = argmin f = {0}.

© For f = fi + fa: £(0.8,0) = f(0,0.8) = 1.64; f (0.4,0.4) = 2
= f is not quasiconvex.
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the sum

Other problem that in apparent is not relared to the problem of

f(x) = —x, g(x) = 23 = min /[, ¢} is not a quasiconvex function.
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Characterizations of quasiconvexity of the minimum of any vertical translation

of two quasiconvex functions.

Theorem

Assume that the functions f1, fo are quasiconvex. Then, the following
assertions are equivalent:

(a) {f1, f2} is a quasiconvex pair.

(b) forevery A1, 2 € R, [fi < M| U [fa < A9] is convex.

(c) forevery \i, A2 € R, [f1 < M]U[f2 < A2 is convex.
(d)

(€)

(&

forevery x € X, [fi < fi(z)] U [f2 < fa(x)] is convex.
for every a € R, the function h,, defined by
ho(z) = min{ fi(z) + «, f2(x)} is quasiconvex.

* Equivalences (a) — (e) are true in any vector space
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Example
Consider the functions f;, f» defined on R? by

max {arctanz1,0} if —1 <z <+1

fi(x1,22) = z if Ty < —1
xro — 1+ % if To > 1
max {—arctanx,0} if —1<zg <41
fao(z1,22) = —zy— 1432 it 2 < -1
% if x9 > 1

One may check that the union of any two sublevel sets is convex, so
the functions are a quasiconvex pair = min{ f1, f2} is quasiconvex.
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Some consequences for the sum of quasiconvex functions
Let J = {1,2,...,m}.

Theorem

Let{f;: i € J} be a quasiconvex family. Then f, + fo + -+ + fm and
min{ fi, f2, -+ , fn} are quasiconvex.

it
£
€
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Some consequences for the sum of quasiconvex functions
Let J = {1,2,...,m}.

Theorem

Let{f;: i € J} be a quasiconvex family. Then f, + fo + -+ + fm and
min{ fi, f2, -+ , fn} are quasiconvex.

Another characterization:

Proposition

Let f1, fo be functions on X. Then { fi1, fo} is a quasiconvex pair, iff for
every pair of nondecreasing functions hy, hs, the function
h1 o f1 + hs o fy IS quasiconvex.
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Remark
The result that the sum of two convex functions is convex, and so
quasiconvex, cannot be re-obtained with our results ®.
But
@ We show that our class of functions, for which the sum of quasiconvex
functions is quasiconvex, contains not trivial functions and

o .. )
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Other properties that are preserved under summation in a

quasiconvex family

f is semistrictly quasiconvex if f is quasiconvex and
[z,y € dom f, f(z) # f(y)] = [f(tz + (1 — t)y) < max{f(z), f(y)},Vt€]0,1[]

The sum of two semistrictly quasiconvex functions is not necessarily

semistrictly quasiconvex.

Example

fi(z) =z and fo(z) = min{—a—%}.

f1, f2 : semistrictly quasiconvex, but their sum is not.

A==

— fo(z) = min {—z,~2}

(@) + folw)

Yboon Garcia Ramos (UP)

20/39



Proposition

Let f1, fa, ..., fm be Isc and semistrictly quasiconvex (and so
quasiconvex) functions. If {f; : i € J} is a quasiconvex family, then the
sum f1+ fo + -+ + fi IS also semistrictly quasiconvex.
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The C-family
C CR"
©={veR": Ftx - +oo, Ja} € C, LN v}. (asymptotic cone).

Definition [9]
It is said that f belongs to C if for all x € dom f and all v € (dom f)*°, v # 0,
one has either

(1) 0 <t f(xz+ tv)is nonincreasing, or

) t_l}gloof(x + tv) = +o0.

Remark: f convex or coercive then f € C;
Proposition
Let f1, fo,..., fm be Isc functions on X, such that

{fi: i € J} is a quasiconvex family.

IffieCforallic J, then fi + fo+-- -+ fm €C.
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(-subdifferential ([13])

Geven f: R" — R,
O9f(z) = {(v,t) e R : (v,2) > tand f(y) > f(z)if (v,y) >t}.
Theorem ([13])

Let f,g : R™ — R For each x € R", assume that at least one of the
following conditions is satisfied:

(i) [f < f@)] Clg<g@)] (orlg <g(z)] C[f < fz)])
(i) 99f(x) C 89%(x) (or %g(x) C 0% f(x).)
Then f + g is quasiconvex.
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(-subdifferential ([13])

Geven [ : R" — R,
09f (z) = {(v,t) € RV : (v,2) > tand f(y) > f(x) if (v,y) >t}

Theorem ([13])
Let f,g : R™ — R For each x € R", assume that at least one of the

following conditions is satisfied:

(i) [f < f@)] Clg<g@)] (orlg <g(z)] C[f < fz)])
(i) 99f(x) C 89%(x) (or %g(x) C 0% f(x).)
Then f + g is quasiconvex.

Proposition

Let f,g be as in Theorem 7. Then{f, g} is a quasiconvex pair, and so
f+ g andmin{f, g} are quasiconvex.
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Operators associated to quasiconvex functions

@ via subdifferentials:

D.-T. Luc -’93 ; Aussel & Corvellec & Lassonde-'94; Daniilidis &
Hadjisavvas-"02

@ via normal cones to the sublevel sets :
Borde & Crouzeix-"90; Aussel & Danilidis-’ 20.

Subdiferential operator

P

quasiconvex function

Normal operator
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Operators

For T : X = X*, we denote by
GrT={(z,2") e X x X*:2* € T(2)}
its graph , and for
Dom T = {z € X : 32* € X, (z,2") € Gr T}

its Domain .
An operator T : X = X* is called quasimonotone, if V (z,2*) € Gr T
and (y,y*) € Gr T,

(z5y—2) >0 = (y",y —x) > 0;
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Quasimonotone family (recall)

Definition
A family A of operators T; : X = X*, i € I, is called a quasimonotone

family, if the operator T with graph Gr T = U Gr T; is quasimonotone.
i€l

Two operators T3, T» will be called a quasimonotone pairif {T1,T>} is a

quasimonotone family. )
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Quasimonotone family (recall)

Definition

A family A of operators T; : X = X*, i € I, is called a quasimonotone

family, if the operator T" with graph Gr T' = U Gr T; is quasimonotone.
i€l

Two operators T3, T» will be called a quasimonotone pairif {T1,T>} is a

quasimonotone family. )

Remark

A famiy of monotone operators not necessarily satisfies this definition:

71,75 : R = R, Th(x) = z, Ta(x) = 1 (or To(x) = e*) are monotone operators
but {Ty, T} is not a quasimonotone pair. It is enough to take x = —1 and

y = 1.
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More about quasimonotone families

Proposition
LetT),T> : X = X* be two operators. The following are equivalent:
(a) The family {T1,T>} is a quasimonotone pair on Dom T N Dom Tb.

(b) For every pair of functions f1, fo : X — R, the operator
fiTy + foTs is quasimonotone.
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More about quasimonotone families

Proposition
LetT),T> : X = X* be two operators. The following are equivalent:
(a) The family {T1,T>} is a quasimonotone pair on Dom T N Dom Tb.

(b) For every pair of functions f1, fo : X — R, the operator
fiTy + foTs is quasimonotone.

Proposition

LetJ ={1,2,---m}. Assume that T;, i € J (or their restrictions on
ﬂ Dom T;) constitute a quasimonotone family of operators. Then,
icJ

Ty + T + - - - + T, is quasimonotone.
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A particular case of quasimonotone family

Proposition
LetT;, i € J be quasimonotone operators such that
R+T;(£L') g R_Fﬂ_'_l(l') Vaxe X, = 1,2,...,m— 1.

Then {T; : i € J}, is a quasimonotone family.
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A particular case of quasimonotone family

Proposition
LetT;, i € J be quasimonotone operators such that
R+T;(.Z') g R+T%+1(.’L') Vae X, = 1,2,...,m— 1.

Then {T; : i € J}, is a quasimonotone family.

Corollary
LetT;, i € J be quasimonotone operators such that

R+ﬂ(w)gR+ﬂ+1($) V.CCEX, 121,2,,m—1

ThenTy + Ts + - - - + T, IS quasimonotone.
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Strictly quasimonotone operators

and for all z,y € domT', x # y

e T:X =2 X* is said to be strictly quasimonotone if it is quasimonotone

Iz €la,y[, =" € T(z) : (", y —x) #0.
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Strictly quasimonotone operators

e T:X =2 X* is said to be strictly quasimonotone if it is quasimonotone
and for all z,y € domT', x # y

Iz €la,y[, =" € T(z) : (", y —x) #0.

Example
Ty :R—R,Ti(z) =2?>and Ty : R — R, Ty(x) = —a? are strictly

quasimonotone operators.
Obviously T} + T3 is not strictly quasimonotone.
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Proposition

Assume that T;, « € J, are strictly quasimonotone, and constitute a
quasimonotone family. If the operator T with graph Gr T = U Gr T;
ieJ
satisfies
Vz,y € Dom T, z #y, |x,y[NDom T # (. (1)

then T is strictly quasimonotone.

Remark:
Equation (1) is satisfied if Dom T is convex.
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Proposition

Suppose that T;, i € J is a quasimonotone family of operators on
ﬂ Dom T;. If Ty is a strictly quasimonotone operator such that either
i€j
(a) () Dom T; is convex, or
ieJ
(b) Dom T, € DomT;, fori € J, i # 1,
then
T4 +Tn

is strictly quasimonotone.
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Semistrictly quasimonotone operators
T:X = X* is said to be

e semistrictly quasimonotone if it is quasimonotone and for all
(r,2*) € Gr T and y € domT

(", y—x)y>0= 3z e]xT—Fy’y[, *eT(z): (%2 —x) > 0.

Example
Let 77,75 : R — R defined by
[0,4+00], ifax=0; | —00,0], ifz=0;
Ti(x) =< {0}, if x < 0; To(z) = ¢ {0}, ifz>0;
0, otherwise. 0, otherwise.

Let T be the operator whose graph is Gr 71 U Gr T5.

e 77 and Ty are semistrictly quasimonotone and constitute a quasimonotone
pair.

e T is quasimonotone but not semistrictly quasimonotone.
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Proposition

Assume that T;, i € J are semistrictly quasimonotone and ﬂ DomT; is
i€j

convex. If T;, i € J constitute a quasimonotone family of operators on

(| DomT;, then

€]
Th+T+- + Ty,

is semistrictly quasimonotone.
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Normal operators associated to a quasiconvex functions

Given a Isc function f : X — R, the set-valued operator Ny : X = X*
defined by

_ | Ny<s@y(@), ifzedomf
Nyte) = { 0, otherwise,

is the Normal Operator associated to f.
Fact:

@ (Aussel & Daniilidis) Let X be a reflexive Banach space, and
f: X — R alsc function. Then, the following statements are
equivalent:

(i) fis quasiconvex.

(i) z,y € domf, z* € Ny(x) and (z*,y —x) > 0= f(z) < f(y).
(iii) Ny is quasimonotone.
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Normal operators associated to a quasiconvex functions

Proposition

Let fi : X — RU{+o0}, i € J be a family of Isc functions. Consider the
following assertions:

(a) {f1,-.., fm} Is a quasiconvex family.
(b) {Ny,,..., Ny, } is a quasimonotone family.

Then (a) = (b). If, in addition f;,: € J are continuous or, X admits a
Géteaux-smooth renorm, then (b) = (a).
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(Semi)strictly quasiconvex case

Proposition

Let f; : X — RU{+o0}, i € J, be Isc functions that constitute a
quasiconvex family, where each function is continuous on its respective
domain. The following hold:

(a) If at least one f;, i € J is strictly quasiconvex, then
Ny, + .-+ Ny, is strictly quasimonotone.

(b) If every function f;, i € J is semistrictly quasiconvex, then
Ny, +---+ Ny, Is semistrictly quasimonotone.
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Thank you!
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Celebrating Marc Lassonde’s 75th birthday
First half of October 2025
http://isora2025.imca.edu.pe
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