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Setting

Define for any x € X
Ux)={yeX:y>x}
Lx)={yeX: x>y}

Notice that
Ux)CL(x)={yeX:y=x}

Assume
>~ convex, i.e. U(x) is convex for each x € X

_X-yeu(x)>u(y)
not surjective

quasiconcave u : X = R convex preference relation >
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Setting

Ux)={yeX:y>x} Lx)={yeX: x>y}
The preference relation > is
upper semicontinuous at x if y € U(x) = y € U(z), Yz € Vi
lower semicontinuous at x if y € L(x) = y € L(z), Vz € V4
upper semicontinuous < L(x) is open foreach x € X
lower semicontinuous <  U(x) is open for each x € X

If - has a numerical representation u

>~ is upper (lower) semicontinuous u is upper (lower) pseudocontinuous
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Lexicographic order «

Zﬁ X=y & Xy >y 0or xy=y;and xo > y»
/ U(x)
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Comparisons

For a relation >

upper semicontinuity weak upper semicontinuity

lower semicontinuity solidness

| upper semicontinuity
weak upper semicontinuity

weak lower continuity ||
weak lower continuity

R RV R R

> is weakly lower continuous y=x = yrz Vze Vy
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Example

u(xy, Xp) = {
u=0
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0 otherwise
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Example a

Zﬁ u(X1,X2):{ 2= (o) € BA(01)
\upc |

0 otherwise
X
|
Ln
0]2-x-x; ; > x=(0,1) y=(1,0)
\/ R
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Example a
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Setting a

Let

X be a real Banach space with norm || - ||
X* its topological dual with norm || - | .
(-,-) the duality pairing between X* and X

From now on

X and X* will be equipped by the norm topology and the weak* topology,
respectively

.
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Adjusted contour set
Let = be a preference relation and x € X

{B(U(x>, px) N LE(x) if U(x) # 0
S2(x) =
LE(x) if U(x) =0

Ux)={yeX:y>=x} C L°KX)={yeX:yrx}
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Adjusted contour set
Let = be a preference relation and x € X

- B(U(x), px) N L°(x) if U(x) #0 <= x ¢ argmax
x) =
() LC(x) if U(x) =10 2 x € argmax

Ux)={yeX:y=x} < LMX)={yeX:y=x}
px = dist(x, (X)) B(U(x), px) = {y € X : dist(y, U(x)) < px}
Basic facts

x € §2(x)
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Adjusted normal cone operator a

To the preference relation - we associate the map N2 : X = X* defined by

N2(x)={x"e X" : (x",y—x) <0, Vy € S&(x)}
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Adjusted normal cone operator a

To the preference relation - we associate the map N2 : X = X* defined by
N2(x)={x"e X" : (x",y—x) <0, Vy € S&(x)}

Basic facts
NZ(x) nonempty closed convex cone
~solid = NZ(x) pointed cone Vx ¢ argmax
> solid convex = NZ(x)\ {0} #0 Vx ¢ argmax
urepresents - = NZ(x) = Ni(x) as defined in [3]

[3] Aussel & Hadjisavvas: Adjusted sublevel sets, normal operator, and quasi-convex
programming. SIAM J. Optim. 16 (2005) 358—-367
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Continuity of set-valued maps

Let ® : X = Y be a set-valued map with Y Hausdorff
¢ is closed if

gph® = {(x,y) e X x Y:y e d(x)} isclosedin X xY
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Let ® : X = Y be a set-valued map with Y Hausdorff
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Continuity of set-valued maps

Let ® : X = Y be a set-valued map with Y Hausdorff
¢ is closed if

gph® = {(x,y) e X x Y:y e d(x)} isclosedin X xY
® is lower semicontinuous if for each open set Q C Y the lower inverse
image
8 ®(Q) = {x € X: d(x)NQ#£0} isopenin X
® is upper semicontinuous if for each open set Q C Y the upper inverse

'mage PY(Q)={xe X:d(x)CQ} isopeninX

o

‘;/\1
£ ] RoiEST W
bELLAQUIA b=

VAO02024 - Milan



Continuity of set-valued maps

Let  : X = Y be a set-valued map with Y Hausdorff
¢ is closed if

gph® = {(x,y) e X x Y:y e d(x)} isclosedin X xY

® is lower semicontinuous if for each open set Q C Y the lower inverse
Image ®(Q) = {x € X: d(x)NQ#£0} isopenin X

® is upper semicontinuous if for each open set Q C Y the upper inverse
image PUQ)={xe X :d(x)CQ} isopeninX

if & is compact, that is maps X into a compact subset of Y then

o is closed < & is upper semicontinuous and closed-valued

e
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Upper semicontinuity of N2

A subset K of X* is a cone if
tx* € K, foranyx* e Kandt >0
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Upper semicontinuity of N2

A subset K of X* is a cone if
tx* € K, foranyx* e Kandt >0

A convex subset A of K is a base of K if
K={tx*:t>0, x* € A}
0 ¢ w*clA

Find a map A : X = X* such that
A(x) is a weak*-compact base of N2(x) for each x ¢ argmax
A is norm-to-weak* upper semicontinuous
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Upper semicontinuity of N2 a

Let u: X — R be quasiconcave upper semicontinuous and solid. Then
(i) N2 is norm-to-weak* closed at any x ¢ argmax u

(i) there exists a norm-to-weak* upper semicontinuous set-valued map
A: X = B* such that A(x) is a weak*-compact base of N2(x), for all
X ¢ argmaxu

[5] Castellani & Giuli: A continuity result for the adjusted normal cone operator.
J. Optim. Theory Appl. 200 (2024) 858—873
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Upper semicontinuity of N2 «

Corollary 4.11 in

Let - be a weak upper semicontinuous, solid, and convex preference relation on X.
Then there exists a norm-to-weak* upper semicontinuous set-valued map
A: X = B* such that A(x) is a weak*-compact base of N2 (x), for all x ¢ argmax

[6] Aussel, Giuli, Milasi, Scopelliti: A variational approach to weakly continuous relations in
Banach spaces. Submitted
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An application

N finite family of players
Foreachie N
X; Banach strategy space
Ci; C X; nonempty domain, C =] C;
Ki : C = C; feasibility map, K = [[ K;
~; preference relation on X;
Ui : X; = X; preference map defined by Uj(x;) = {y; € X; : yi =i xi}

.
| | BRGLTSTURY [ -
\ BECHH! e

VAO02024 - Milan



An application

N finite family of players
Foreachie N
X; Banach strategy space
Ci; C X; nonempty domain, C =] C;
Ki : C = C; feasibility map, K = [[ K;
~; preference relation on X;
Ui : X; = X; preference map defined by Uj(x;) = {y; € X; : yi =i xi}

Preference Equilibrium Problem

Find x € C such that x € K(x) and U;(x;) N Ki(x) =0, Vie N
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An application a
Quasi Variational Inequality Problem

Find x € K(x) such that 3x* € (N2 (x;) \ {0;}) with 3 (x¥, y;i — x;) > 0, Vy € K(x)
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Quasi Variational Inequality Problem

Find x € K(x) such that 3x* € (N2 (x;) \ {0;}) with 3 (x¥, y;i — x;) > 0, Vy € K(x)

Proposition 5.6 in

Foreach i € N, let -; be a convex preference relation on X; which is sub-boundarily
constant on C;. Then, any solution of the QVI is a preference equilibrium
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An application a
Quasi Variational Inequality Problem

Find x € K(x) such that 3x* € (N2 (x;) \ {0;}) with 3 (x¥, y;i — x;) > 0, Vy € K(x)

Proposition 5.6 in

Foreach i € N, let -; be a convex preference relation on X; which is sub-boundarily
constant on C;. Then, any solution of the QVI is a preference equilibrium

A preference relation - on X is sub-boundarily constant on C C X if, for

any x,y € C
yeUX) = [y,x)NintSZ(x) #0
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An application a
Quasi Variational Inequality Problem

Find x € K(x) such that 3x* € (N2 (x;) \ {0;}) with 3 (x¥, y;i — x;) > 0, Vy € K(x)

Proposition 5.6 in
Foreach i € N, let -; be a convex preference relation on X; which is sub-boundarily
constant on C;. Then, any solution of the QVI is a preference equilibrium

A preference relation - on X is sub-boundarily constant on C C X if, for
any x,y € C
yeUX) = [y,x)NintSZ(x) #0

Any lower semicontinuous preference relation - is sub-boundarily constant
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Existence result a
Theorem 5.4 in [6]

Foranyi € N, let
C; C X; nonempty and convex
=i weak upper semicontinuous solid convex preference relation on X;
i sub-boundarily constant on C;

K; lower semicontinuous compact with nonempty values in D(X;) and fix K
closed

Then there exists a preference equilibrium
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