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The	one	coherent	argument	in	Pascal’s	wager	

	Vincenzo	Crupi	
January	2025	

	
	
Intro	

The	text	of	Pascal’s	Wager	is	still	a	conundrum	after	almost	four	centuries.	The	most	
influential	reconstruction	in	the	traditional	scholarship	is	taken	as	“forced”	even	by	its	main	
proponent	(Lachelier	1901).	Hacking	(1972,	2001)	famously	split	Pascal’s	reasoning	into	
three	distinct	arguments,	“all	valid,	none	sound”,	whereas	according	to	Hájek	(2003)	the	
Wager	is	both	invalid	and	“seemingly	impossible”	to	formally	reconstruct	in	a	coherent	
fashion.	I	present	here	a	novel,	complete,	and	detailed	analysis	involving	limited	hermeneutic	
effort	on	the	text.	Technically,	this	will	require	a	new	kind	of	numbers.	
	

Some	backgroud	premises	

1.	“it	is	true	that	there	is	an	infinite	number”	(il	est	vrai	qu’il	y	a	un	infini	en	nombre)	

®	here	a	number	denoted	as	“w”	

2.	“a	unit	added	to	infinity	does	not	increase	it	at	all”	(l’unité	jointe	à	l’infini	ne	l’augmente	de	rien)	

®	w	+	1	=	w		[absorption]	

3.	“God	is,	or	is	not.	But	towards	which	side	will	we	lean?	Reason	cannot	settle	anything	here”	
(la	raison	n’y	peut	rien	déterminer)	

®	Pr(God)	=	1/n,	for	some	natural	n	(therefore:	0	<	Pr(God)	<	1)	

4.	The	utility	matrix	(adapted	from	Hacking	2001,	p.	121),	with	g	>	b	≥	0:		

	 (Christian)	God	 NO	God	

Christian	life	 +g	 –b	

NO	Christian	life	 –g	 +b	

“You	have	to	wager.	It	is	not	up	to	you,	you	are	already	committed”	(vous	êtes	embarqué)	
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®			One	can	of	course	suspend	judgment	on	whether	God	or	~God	is	true.	However,	it	has	to	
be	true	that	either	you	live	the	life	of	a	believer	(a	fully	Christian	life)	or	not,	and	that	
you	must	decide.	

An	important	point	of	terminology:	For	someone	who	bets	1	on	X	and	then	receives	2	in	case	X	
is	true,	I	will	say	that	2	is	what	is	collected,	whereas	2	–	1	is	what	is	gained.		

®		So:	collection	=	bet	+	(net)	gain.	

NOTE.	Based	on	the	table	above,	one	can	understand	the	Christian	and	the	non-Christian	
playing	options	in	several	ways	that	are	equivalent	in	formal	and	abstract	terms.	For	
instance:	the	Christian	player	is	like	a	gambler	who	is	buying	a	ticket	(placing	a	bet)	of	
value	b	(giving	up	the	pleasures	of	a	sinful	life)	for	a	lottery	possibly	paying	g	+	b	if	God	is	
true,	with	an	overall	balance	of	g+	b	–	b	=	g	(a	great	net	gain)	in	this	favorable	case.	The	
non-Christian	player	is	like	a	bookie	selling	a	ticket	for	value	b	(enjoying	the	pleasures	of	a	
sinful	life)	with	a	commitment	to	pay	g	+	b	if	God	is	true	and	an	overall	balance	of	b	–	(g	+	b)	
=	–g	(a	great	loss)	in	this	unfavorable	case.	[In	many	respects,	this	is	the	most	natural	
reading,	because	whether	to	enjoy	or	give	up	b	seems	effectively	actionable	for	a	human	
pondering	the	Christian	vs.	non-Christian	options.]		

OR	ELSE:	The	Christian	and	the	non-Christian	players	put	in	the	pot	b	and	g,	respectively.	If	
God	is	true,	then	the	Christian	collects	the	pot	and	gains	g	+	b	–	b	=	g	(a	great	net	gain)	
whereas	the	non-Christian’s	final	balance	is	–g	(a	great	loss).	If	~God	is	true,	instead,	then	
the	Christian’s	final	balance	is	–b	(giving	up	the	pleasures	of	a	sinful	life),	whereas	the	non-
Christian	collects	the	pot	and	gains	g	+	b	–	g	=	b	(enjoying	the	pleasures	of	a	sinful	life).	

Importantly,	this	latter	version	illustrates	that:	

–	Christian’s	bet	on	God	=	b	=	non-Christians’	net	gain	if	¬God		
–	Christian’s	net	gain	if	God	=	g	=	non-Christian’s	bet	on	¬God		

®		 In	an	abstract	but	important	sense,	Pascal	is	talking	about	the	choice	between	two	bets:	
the	(Christian’s)	bet	on	God	and	the	(non-Christian’s)	bet	on	¬God.	

For	all	instantiations	of	the	matrix	above	that	we	will	consider,	one	can	prove	that:	

4*.	EV(bet	on	God)	=	–EV(bet	on	¬God)	
	

First	steps:	the	rule	of	fair	/	profitable	play	(in	a	binary	gamble	with	finite	figures)	

5.1	 A	gamble	on	X	is	fair	if	and	only	if:		 	 	 !"($) =

'()	+,	-

'()	+,	-	.	(,())	/01,	12	-

		

This	is	because,	demonstrably,	the	expected	value	of	such	a	bet	is	null,	i.e.,	EV(bet	on	X)	=	0.	
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5.2		 A	gamble	on	X	is	profitable	if	and	only	if:		 	 !"($) >

'()	+,	-

'()	+,	-	.	(,())	/01,	12	-

	

This	is	because,	demonstrably,	the	expected	value	of	such	a	bet	is	strictly	positive,	i.e.,	EV(bet	
on	X)	>	0.	

NOTE:	These	are	Pascal’s	original	theoretical	discoveries	in	his	earlier	work	as	a	founder	of	the	
probability	calculus!	
	
First,	Pascal	illustrates	5.1:	

“Since	[puisque,	but	read:	provided	that]	there	is	an	equal	chance	of	gain	and	loss	[Pr(God)	=	
Pr(¬God)],	if	you	stood	merely	to	gain	[read:	collect]	two	lives	for	one,	you	could	still	bet.”	

!"(456) =

1

2

=

1	life

1	life + 1	life

=

bet	on	456

bet	on	456	 +	(net)	gain	if	456

	

So	the	bet	on	God	is	fair	under	these	circumstances:	EV(bet	on	God)	=	0.	Given	4*,	this	implies	
that	the	bet	on	¬God	is	also	fair:	“you	could	still	[but	don’t	have	to]	bet	[on	God]”.	
	
Second,	Pascal	illustrates	5.2:	

“But	suppose	you	had	three	lives	to	gain	[collect]?	You	have	to	play	[on	God]	(since	you	must	
necessarily	play	[either	on	God	or	¬God]),	and	you	would	be	foolish	[imprudent],	since	you	are	
forced	to	play,	not	to	risk	your	life	to	gain	[collect]	three	lives	in	a	game	where	there	is	equal	
chance	of	losing	and	winning.”	

!"(456) =

1

2

>

1

3

=

1	life

1	life + 2	lives

=

bet	on	456

bet	on	456	 +	(net)	gain	if	456

	

So	the	bet	on	God	is	profitable	under	these	circumstances:	EV(bet	on	God)	is	strictly	positive	
(and	of	course	finite).	Given	4*,	this	implies	that	the	bet	on	¬God	is	detrimental	(“foolish”,	
imprudent),	with	a	strictly	negative	(finite)	expected	value.	
	

Enter	infinite	value	(and	infinitesimal	probability)	

“But	there	is	an	eternity	of	life	and	happiness	[une	éternité	de	vie	de	bonheur]”	®	g	=	w	

“This	being	so,	in	a	game	where	there	were	an	infinity	of	chances	and	only	one	in	your	favor,	
you	would	still	be	right	to	wager	[auriez	encore	raison	de	gager]	one	life	in	order	to	gain	
two;	and	you	would	be	making	the	wrong	choice	[agiriez	de	mauvais	sens],	given	that	you	
were	obliged	to	play,	if	you	refused	to	bet	one	life	against	three	in	a	game	where	there	were	an	
infinity	of	chances	and	only	one	in	your	favor	if	the	prize	were	an	infinity	of	infinitely	happy	
life	[une	infinité	de	vie	infiniment	heureuse].”	
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LACHELIER:	“This	passage	[…]	is	not	easy	to	understand.	Taken	literally,	it	is	both	incoherent	
and	absurd.	No	one	would	agree	to	play	‘one	for	two’	nor	even	‘one	against	three’	with	a	single	
chance	of	winning	out	of	an	infinite	number	of	chances	of	losing.”		

®	G
H

≪

G

J

		(!)	

my	main	hermeneutic	proposal:		

“to	wager	one	life”	=	the	current	finite	life	that	we	dispose	of	(b	=	1)	

“to	gain	two”	=	to	collect	b	+	g	=	1	+ w		[only	the	“second”	(viz.	“third”)	life	has	infinite	value]	
	
Now	we	can	see	the	text	as	providing	exactly	parallel	illustrations	of	5.1-2	only	involving	infinities:	

!"(456) =

1

K

=

1

1 + K

=

bet	on	456

bet	on	456	 +	(net)	gain	if	456

	

The	bet	on	God	is	demonstrably	fair	under	these	circumstances,	just	as	the	bet	on	¬God,	
namely,	EV(bet	on	God)	=	0	=	EV(bet	on	¬God).		

Moreover:	

!"(456) =

1

K

>

1

1 + 2KLMNMO

")QR((	S1T(U"

=

1

2K

=

bet	on	456

bet	on	456	 +	(net)	gain	if	456

	

And	accordingly,	the	bet	on	God	is	profitable	here,	whereas	the	bet	on	¬God	is	the	“wrong	
choice”	(mauvais	sens).	We	have	that	EV(bet	on	God)	is	strictly	positive	(and	finite!),	and	
correspondingly	EV(bet	on	¬God)	is	stricly	negative.	
	

QED	

“But	the	prize	here	is	an	infinity	of	infinitely	happy	life,	there	is	one	chance	of	winning	against	
a	finite	number	of	chances	of	losing,	and	what	you	are	staking	is	finite.	This	leaves	only	one	
choice	open,	in	any	game	that	involves	infinity,	where	there	is	not	an	infinite	number	of	
chances	of	losing	to	set	against	the	chance	of	winning.	There	is	nothing	to	ponder	—	you	must	
stake	everything.	[Partout	où	est	l’infini,	et	où	il	n’y	a	pas	infinité	de	hasards	de	perte	contre	
celui	de	gain,	il	n’y	a	point	à	balancer,	il	faut	tout	donner.]”	

From	the	whole	set	of	premises	given,	we	finally	have:	

!"(456) =

1

V

>

1

1 + K

=

1

K

=

bet	on	456

bet	on	456	 +	(net)	gain	if	456

	

The	expected	value	of	the	bet	on	God	(w/n)	is	higher	than	any	finite	value.	(®	“But…”)	
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Final	discussion	and	loose	ends	

–	There	still	remain	a	few	(minor)	unsolved	glitches	in	the	text	

–	NONE	of	the	“big”	classical	objection	is	neutralized	(e.g.,	“many	Gods”)	

–		BUT	we	do	have	an	interpretation	of	the	text	as	conveying	ONE	formally	coherent		
				and	valid	argument	

	

	

TECHNICAL	APPENDIX:	Pascalian	numbers	

All	mathematical	statements	and	computations	above	are	validated	in	the	system	of	Pascalian	
numbers.	

A	natural	Pascalian	number	is	a	pair	of	natural	numbers	ám,nñ.	[ám,0ñ	corresponds	to	m	as	an	
ordinary	natural	number.]	

For	any	two	natural	Pascalian	numbers	ám,nñ,	ám’,n’ñ,	ám,nñ	>	ám’,n’ñ	if	and	only	if:	

(i) m	>	m’	=	0,	or	

(ii) n	>	n’	e	m	≠	0,	or	

(iii) n	=	n’	e	m	>	m’	

Moreover,	ám,nñ	=	ám’,n’ñ	if	and	only	if	〈X, V〉 ≯ 〈X
\

, V
\

〉	and	〈X, V〉 ≮ 〈X
\

, V
\

〉,	and	ám,nñ	≥	

ám’,n’ñ	if	and	only	if	ám,nñ	>	ám’,n’ñ	or	ám,nñ	=	ám’,n’ñ.	One	can	prove	that	“≥”	is	a	total	order,	to	

be	interpreted	as	“being	greater	than	or	equal	to”.		

Sum	and	product	are	defined	as	follows:	

SUM:	 	 ám,nñ	+	ám’,n’ñ	= ^

〈X +X
\

, V〉																							if			V = V
\

X_`[〈X, V〉, 〈X
\

, V
\

〉]					if			V ≠ V
\
		

PRODUCT:	 ám,nñ	´	ám’,n’ñ	=	ám	´	m’,	n	+	n’ñ	

Sum	and	product	satisfy	associativity,	commutativity,	and	distributivity.	Sum	is	absorptive.	

For	a	Pascalian	natural	x,	we	also	define	xn	=	` × …× `LMMNMMO

f

	(n	Î	N),	and	x0	=	á1,0ñ.	

The	successor	of	a	Pascalian	natural	x	can	be	defined	as	the	smallest	number	greater	than	x.	
We	denote	á1,1ñ	as	w,	the	smallest	infinite	Pascalian	natural,	greater	than	all	finite	naturals.	
The	successor	of	w	is	2w	(not	w	+	1).	Every	Pascalian	natural	has	a	successor,	but	it	is	not	true	
that	each	Pascalian	(strictly	positive)	natural	has	exactly	one	predecessor:	there	exist	no	
number	of	which	w,	in	particular,	is	a	successor.		
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The	extension	of	Pascalian	naturals	to	Pascalian	integers	and	rationals	follows	usual	
constructions,	with	minor	adjustments.		

A	Pascalian	rational	is	conveniently	seen	as	having	the	form	mwn,	where	m	is	a	rational	and	n	
an	integer.	Pascalian	rationals	then	include	infinities	such	as	2w	(n	=	1),	infinitesimals	such	as	

2w–1	=	g
H

,	and	recover	traditional	rationals	for	n	=	0.	

A	sample	of	relevant	implications	and	illustrations:	

1.		 0 <

G

gH

<

G

H

<

g

H

…	

2.		 0 +

G

H

=

G

H

	

3.	 0	´	mwn	=	0	for	any	rational	m	and	integer	n	

4.	 1 +

G

H

= 1		

5.	 XK
f

< X
\

K
f.G	for	any	pair	of	rationals	m,m’	and	any	integer	n,	provided	that	m’	>	0	

6.	 G

H

+

G

H

=

g

H

	

7.	 w	+	1	=	w	=	w	–	1	

8.	 w	–	w	=	0	

9.		 –w	–	w	=	–2w			

10.	 2w	–	w	=	w	

11.	 w		´	(–1)	=	–w	

12.	 2	´	5w	=	10w	

13.	 w	´	(–w)	=	–w2	

	 …	
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