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Abstract

In a centipede game, call reasonable a strategy that, coupled with its
best response, leads to the highest payoff among those dominating
the Nash equilibrium for the player that adopts it. Reasonableness
requires playing pass till the end of the game, the best reply to rea-
sonableness is called an accommodating strategy. Backward induc-
tion (bi) makes reasonableness irrational but, given common knowl-
edge of rationality, bi can be applied only if reasonableness is ra-
tional. The rationality of reasonableness can be argued as the choice
one would make in an underlying game in which the strategies are
playing the overt game according to reasonableness or to bi. The
underlying game has approximately the form of a stag hunt game, in
particular one in which the player who should move last plays rea-
sonable and the other accommodating. This equilibrium dominates
that in which both use backward induction. Reasonable players
would select such an equilibrium but anyway, the plurality of equi-
libria injects uncertainty about the reasoning it is rational to use in
the overt game.

Common knowledge — rationality — backward induction — reason-
ableness — incomplete information — centipede game

JEL: C72



Introduction

Substantive rationality, choosing a maximal element given a set of
alternatives and an ordering, can be taken as a fact of life. Simple
casual observation militates against this. If it is not a fact of life, its
use must be justified. When the use is intentional, it is generally jus-
tified through its instrumentality in the pursuit of one’s aims.

In games, the alternatives are strategies, ordered by dominance. In
this context, it is known that straightforward application of substan-
tive rationality can lead to unpalatable conclusions. Examples range
from Newcomb’s paradox to the centipede game and the finitely re-
peated prisoner’s dilemma. One assumes that a rational person can-
not but be substantively rational; one claims that substantive ration-
ality implies deletion of dominated strategies and thereby the use of
backward induction; then, substantive rationality with enough
knowledge necessitates the conclusions (Dekel — Gul (1997)).

A well known critique, advanced, for example, in Bicchieri (1989)
and (1993), is that this requires the use of counterfactuals: one has to
justify one’s decision by behaviour at a stage one knows that will
never be reached if the assumption of common knowledge of ration-
ality is satisfied. In the case of the centipede, the use of such a coun-
terfactual is not simply justifying one’s decisions through irrelevant
eventualities. To use repeatedly backward induction, one must as-
sume that a certain stage will, or at least might, be reached; this im-
plies that, up to that stage, one of the commonly known to be ra-
tional players has behaved “irrationally” and one discounts the fact
that after that stage that same player will start to behave “rationally”.
If one cannot give a reason for this inconsistency in the way in
which he decides, this adds irrationality in the behaviour of the “ra-
tional” player in question.

To avoid the bleak predicament to which common knowledge of ra-
tionality appears to lead, one suggests destroying it by playing “irra-
tionally” as soon as one can. On the one hand, if the move is suc-
cessful, one is left with no hunches on what to do of the “irration-
ality” one has injected (Reny (1992) and (1995)). On the other, one
can find reasons, perhaps even rationality, in the decision to play “ir-
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rational”, so whether common knowledge of rationality has actually
been destroyed is quite unclear.

If one takes Bicchieri’s point seriously, however, one does not need
to destroy common knowledge of rationality in order to prevent the
use of backward induction; the latter simply cannot be used in such
circumstances. But, without backward induction, rationality by itself
is unable to say anything about how to play.

The usual way to reconcile actual, admittedly sensible, behaviour in
games of this kind is to inject some doubts about the rationality of
the other player (Kreps, et alt. (198 )). Following Bicchieri, here it is
argued that it is precisely the common knowledge of rationality that
makes uncertain how a rational person would interpret and play the
game in question.

After introducing the notion of “reasonableness”, the kind of behav-
iour it leads to is discussed. Reasonableness® is necessary to have
ground for applying backward induction but backward induction
beats reasonableness, and makes the latter apparently “irrational” in
the overt game. To reconcile reasonableness with substantive ration-
ality, it is argued that the choice on whether to follow reasonable-
ness or backward induction is made in an underlying game which
has the characteristics of a stag hunt, and therefore has more than
one equilibrium.

In this paper, only overt games of the centipede type are considered,
but the reasoning applies to many multistage games that have just
one Pareto inefficient Nash equilibrium in dominating strategies,
reached by deletion of dominated strategies.’

? Or something leading to the same behaviour.
? A companion paper deals with the case of the finite prisoner’s dilemma.



Centipede games

Call 1 the first player to move and 2 the other. Fig. 1 gives the usual
representation of the centipede game for N even.
It is easy to check that, if stage n is reached and down is chosen at it,
then player 1 gets n/2 +1/2, and player 2 gets n/2 — 1/2, if n is odd,
while player 1 gets (n/2) — 1 and player 2 gets 1 + (n/2), if n is even.
Common knowledge of rationality® is taken to entail that
both players use backward induction and this implies that the first
player to move has to stop the game as soon as he has the chance to
do it, whatever gains might be obtained if the game went on till the
end. I will refer to this as the backward induction strategy or view,
bi for short.

1 2 3 4 5 6
1 0 2 1 3 2
0 2 1 3 2 4

N+ 1
N-5 N-4 N-3 N-2 N-1 N 2

N
2

N-2 N-3 N-1 N-2 N N-1

2 2 2 2 2 2

N-3 N-1 N-2 N N-1 N+1

2 2 2 2 2 2

Fig. 1

* Or better, common knowledge that both will adopt what appears to be the
substantively rational strategy in the overt game, since whether this is the
substantively rational thing to do is what is questioned.



A definition of reasonableness

In this game, for most of the stages each player has strategies which
admit a best response by the other that would lead to a result which
is better for both than that obtained by following bi. In the case at
hand, there are very many strategies of this kind, but they can be
easily ordered. Call reasonable any undominated strategy with this
property. “Always pass” comes out on top.

The problem with this strategy is that it seems one cannot believe
both that a player is rational and that he will actually implement it.
There is however a strategy, discussed in Appendix 1, that, if he
knows to be taken as rational, a player has reasons to implement’ up
to a certain stage, perhaps is uncertain on whether to go on to im-
plement it or shift to bi at some stage(s),” knowing that from some
stage onward both players, if they are rational, must follow bi. As it
will be seen, this strategy is consistent with playing pass “almost to
the end of the game”.” In particular, in the case of fig. 1, it is consis-
tent with player 1 playing pass till the stage N — 7 included, makes
him doubtful on whether to play pass or down at stage N — 5, defi-
nitely discourages playing pass at N — 3.

The decisions to play pass, to behave as if randomising between
pass and down, or to play down, are taken consistently, by using al-
ways the same reasoning framework, without the use of conterfactu-
als, and always with the aim of maximizing one’s payoff. What is
claimed is that its adoption is consistent with the knowledge of ra-
tionality.

A reasonable player is one that in an overt game always chooses a
strategy which, coupled with its best response, leads to a maximal
pay-off for the player in question and dominates the Nash equilib-
rium. A reasonable player, then, always chooses a reasonable strat-
egy which can be instrumentally justified, when such a strategy ex-
ists; otherwise, he plays a Nash equilibrium strategy. A best re-
sponse to the strategy followed by a reasonable player is called an

> If he can, i. e., if the second does not play down before.
® And which, therefore, generates uncertainty also in the other player.
7 This point will be made precise in a short while.
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accommodating strategy.

Almost by definition, when it has any scope, a reasonable strategy is
not a best response to the best response to itself and, in this sense,
reasonableness forbids any use of backward induction by the player
that adopts it. To make the choice of reasonableness consistent with
rationality, player 1, for example, must have reason to believe player
2 will adopt a best response to 1’s strategy, so 2 must be aware of
the possibility of reasonableness, have at least a rough® idea about
which sequence of moves in the overt game its adoption implies for
1, but, above all, be convinced of the rationality of 1 in using rea-
sonableness. 2 does not need to give up using backward induction,
but the belief that 1 plays reasonable limits® its use by 2 to that nec-
essary for discovering his own best response. 1, then, cannot exclude
2 will distrust 1’s reasonableness and play down as soon as he is
given the chance'® but knows that, if 2 accepts 1’s reasonableness, 2
will limit the use he will make of backward induction.

There are two steps in the reasoning that argues that reasonableness
is consistent with rationality.

The first step relies on the fact that to support the rationality of play-
ing down as soon as one has the chance, either one needs to use a
counterfactual inconsistent with the assumption one wants to prove'’
or to show that reasonableness, besides dictating a strategy which is
consistent with the assumption that one will reach almost the end of
the game, without introducing counterfactuals is aalso consistent
with substantive rationality.

Appendix 1 shows that assuming that any stage up to N — 2 might be
reached is not inconsistent with reasonableness while it is with
backward induction and defines what to do on grounds that are not
logically weaker than those of backward induction.'? This means a
player has at least two alternatives between which to choose in order

¥ But, as it will be shown, not very precise.

? If 2 wants to exploit the reasonableness of 1.

' Possibly because he pushes backward induction to its limit.

' Or, equivalently, to assume that, at some stage, one takes a decision ba-
sed on a reasoning inconsistent with that which must have been followed in
order to reach that stage.

'2 And is independent from it.
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to decide how to play the game: play down as soon as one can or
follow reasonableness. If both are consistent with rationality, sub-
stantive rationality is to be used not in discriminating which of them
satisfies its requirements, but in choosing which of them must be
adopted.

Appendix 2 shows that, for most of the game,"” playing tricks, feign-
ing to be reasonable and therefore playing pass at the current stage
in order to lure the other to play pass and then play down as soon as
one’s turn comes, is inconsistent with reasonableness and is domi-
nated by it, at least till almost the end of the game.

Consistency of reasonableness with rationality

The second step of the argument goes as follows. Suppose to be at
stage 1. At that stage, actually even before the first move, both have
to decide what to do in all possible future situations and, at that
stage, 1 knows that, 2 is in a very similar position to his own with
respect to deciding whether to play reasonable (or accommodating)
or use bi and play down as soon as he has a chance. Assuming 1 did
have a choice between adopting backward induction, and therefore
following the bi strategy in the overt game from the start, and play-
ing in accordance with reasonableness, at least for some time, one
must discuss which is the substantively rational choice.

If 1 knows 2 is bound'* to follow backward induction and has no
choice about it, or that one’s deviation from the strategy implied by
backward induction will not'® affect the belief of 2 about the fact
that 1 is bound to use backward induction from the immediately fol-
lowing stage onward, and so on, 1 must use backward induction.
However, to assume that 2 uses backward induction and is rational,
implies that either he must doubt the rationality of 1 or must assume
that there is a strategy a rational 1 can follow which will allow to
reach that stage. The only possibility is for 1 always to play pass,
but this is not a rational strategy so this possibility must be dis-

1 Actually till stage N — 5.
' But could this be justified as a consequence of substantive rationality?
" But can it not?
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carded. Given common knowledge of rationality, 1 knows that 2
knows stage N — 1 cannot be reached, but, as argued in the Appendi-
ces, common knowledge of rationality is consistent with both be-
lieving that stage N — 7, and possibly even stage N — 5, can be
reached if they find a way to make reasonableness consistent with
rationality.'®

The rationality of reasonableness can be argued by moving from the
choice of the strategy to employ in the overt game to the choice
made in an underlying game in which the alternatives are those of
following reasonableness and following backward induction. In this
game, 1 knows that, if 2 knows about the possibility of reasonable-
ness, they are playing a stag hunt game. As Appendix 3 shows, they
both can determine the payoffs they would get if the player who
should have the last move, if that stage is reached, played reason-
able, while the other played accommodating. They know that play-
ing accommodating to a reasonable opponent is better than playing
consistently reasonable. But they also know that, if both are consis-
tently rational, nobody will consider playing accommodating to an
accommodating player.!” But playing accommodating to a reason-
able opponent leads to the same strategy in the overt game as play-
ing reasonable till the very final stages.

There are then three equilibria, two in pure strategies, in the first of
which one player plays either reasonable and the other accommodat-
ing, in the second both use backward induction, besides an equilib-
rium in mixed strategies. Which equilibrium will be selected is inde-
terminate.'® In this game, the adoption of reasonableness cannot be
discarded on rationality grounds and is instrumentally superior to
immediate defection.

Assume 1 opts for reasonableness and plays pass at stage 1. It is the
turn of 2 to make his move. He can choose to think irrelevant the

'® Notice that if this is impossible, they cannot use backward induction, so
that they would be in the situation discussed in Reny’s papers.

7 To consider accommodation to accommodation would in fact declare
reasonableness irrational, but if reasonableness is irrational no rational pla-
yer can choose it.

'® though reasonableness would point to the Pareto dominating one.
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move by 1 and simply adopt the strategy chosen before any move
was made. Observing a behaviour at variance with that dictated by
backward induction, one can claim that the only thing 2 can say is
that that strategy has not been followed." But if mistakes and irra-
tionality are ruled out and 2 knows 1 is rational, knows about the
possibility of being reasonable, and can see that reasonableness™
can be an instrumentally justified choice for 1, deviation from bi by
1 must induce 2 to consider the possibility of 1 playing reasonable
or accommodating to a reasonable 2.*' In other words, if 2 had de-
cided to use backward induction and play down, he has reasons to
revise his choice. If 2 had chosen to play reasonable or accommo-
dating to a reasonable 1, he would be strengthened in his conviction.
Till any agent plays down, stage after stage they know they are
called to play a centipede game that differs slightly from the original
one. At stage n, the agent that plays pass shifts to the other a gain of
1 and asks him to decide whether to play reasonably or according to
backward induction a centipede game of length N — n — 1, knowing
that when and if stage N — 1 is reached, one must follow backward
induction. Stage after stage, what one has to give up remains con-
stant, while the additional maximal potentially reachable payoffs
diminish. In the mixed strategy equilibrium, the probability of
backward induction must then increase. But the reasoning given
above in favour of reasonableness remains unaltered.

How long one will go on playing reasonable or accommodating to a
reasonable opponent and therefore the strategy actually implemented

1 may simply have made a mistake, if mistakes are allowed. Or 1 may be
an “irrational” player, meaning a 1 that decides what to do without consid-
ering properly the characteristics of the game,' but then, to decide what is
best for him to do, 2 must form ideas about the process which generates
mistakes or the kind of irrationality 1 is affected from. All these cases, ho-
wever, require considering the behaviour observed as not, or at least not
necessarily, intendedly chosen as instrumentally efficient for the pursuit of
the aims of the agent that implements it, as not consistent with the substan-
tive rationality of 1.

20 Playing pass “almost” to the end of the game.

I As shown in Appendix 2, the possibility that 1 is playing a trick can be
discarded till the final stages of the game.
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can be left undefined.” Some fuzziness on this point is not impor-
tant.”> What is relevant is that, if 1 needs to consider what to do if
stage n > 1 were reached and believes that rationality requires con-
sistency in the motivations of one’s choices, following reasonable-
ness seems a likely, if not the only, possibility. 2 may not believe
that reasonableness will be followed till the very end of the game
but this does not mean that the assumption of rationality forbids him
to believe 1 could use it at least for some time. **

Closing remarks

Actually, one way of looking at the game is that what players must
decide is just the moment in which it is optimal to distrust the other
will go on being reasonable or accommodating. It is optimal to start
distrusting just before the other does, but to distrust before this mo-
ment leads to losses of potential gains. The payoffs associated to
reasonableness give a measure of the potential gains that can still be
reaped, which must be traded off with the sure gains that playing
down can give. In a world of backward induction, this game is not
available;” in the world of reasonableness, it is and it is not worth to
consider distrusting till almost the end of the game.

In fact, what reasonableness does in this game is to point out that, in
the situation at hand, there is an element of conflict embedded in an
environment in which cooperation can be very rewarding. One can
play out the conflict immediately or delay it in time. Playing it out
immediately gives one of the players the upper hand, at the cost of
giving up the potential benefit of delaying it. Reasonableness is
simply the choice of delaying it as much as possible, consistently

22 A reasonable 1 can play pass till N — 3 included or stop at N — 5.

3 Actually it may even be useful making uncertain when it is time for 2 to
start using backward induction.

 Or, if one prefers, has a trivial solution.

2 Or, if one prefers, has a trivial solution.

*% Given the substantial similarity of the games in this sequence, till that
stage is reached, the way in which the preceding trust games have been
played can reinforce one’s decision to trust the other is trustful and trust-
worthy.
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with preserving rationality.

The main advantage of reasonableness is that it is a natural assump-
tion to make when the instrumental rationality of backward induc-
tion, the “substantive rationality” in the choice among strategies in
the overt game, is in doubt, or outright violated, but the conditions
of knowledge usually stipulated about the rationality of the other
player still hold. Furthermore, in the particular case in exam, the
reasonable strategy to adopt is easy to figure out at least broadly.”’
Admitting reasonableness associates to the overt game an underly-
ing sequence of games in the choice of rationality that has the struc-
ture of a trust game, actually, it transforms the choice of strategy in
the overt game in choices on how to play a sequence of trust games:
one knows the sequence will end, actually that the trust game will
degenerate into a game in which giving up reasonableness in the un-
derlying game and choosing the substantively rational strategy in the
overt game become dominant strategies, but there is uncertainty on
when exactly this will happen.

Furthermore notice that, to determine whether playing pass is justi-
fied, one needs to consider only the end of the game. This allows
reasonable players to have preferences among centipedes of differ-
ent length. A rational player that sees no alternative for a rational
agent to using bi cannot do this.”® A reasonable player always pre-
fers* a game with N + 2 stages to one with N, so he strictly prefers a
centipede game of length 8 to one of length 6. Therefore, at stage N
— 7, to play reasonable for 1 is strictly preferred to playing tricks,
and 2 can be sure a reasonable 1 will never play down till that stage
is reached, while 1 will be uncertain on whether to play down or to
play tricks at stage N — 5, whether he thinks 2 is an accommodating
or a reasonable player.

Finally observe that, to induce cooperation, asymmetry of informa-
tion is not necessary; actually, it is common knowledge of the essen-

7 And, obviously, it is easy to check whether the behaviour kept tallies
with reasonableness or not.

*® Provided he has always the same role, i. e., he is always the first or the
second mover.

* Of course, if reasonableness is given a chance by the other player.
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tial similarity of their situation that seems to help in this regard.
With respect to previous literature, this paper uses Bicchieri‘s criti-
cism of the use of counterfactuals to argue that, in order to avoid it,
one has to introduce a strategy that can be consistently justified till
the end of the game: playing a reasonable strategy is an answer to
this question. It avoids at least in part the indeterminacy that playing
pass has in Reny’s construction, allows to preserve in the other
player confidence in the rationality of the agent that played pass and
therefore allows him a rational reply. Finally, it allows to generate
uncertainty endogenously, instead of having it exogenously intro-
duced as in Kreps et alt.(1982).
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Appendix 1: Playing reasonable

If N is even, 2 has the last move. At N, a rational 2 has no choice but
playing down and whether 1 is rational or not is irrelevant for the
choice of 2 at this stage.

However, if one is at the beginning of the game, to consider what to
do at stage N requires having reason to assume that it will ever be
reached. In planning to play down at stage N, 2 is not using back-
ward induction, so he is not inconsistent with not having used it be-
fore getting there. But 2 must assume that neither he nor 1 have used
backward induction and that they had reason not to use it before.
Anyway, reaching this stage is inconsistent not only with backward
induction but also with the reasonableness of 1 at stage N — 1 and
with 2 being reasonable at stage N — 2.*° Reaching this stage is then
inconsistent with the assumption that each of them is instrumentally
rational, whatever content is given to rationality. A consistently jus-
tified strategy can tell what to do if stage N is reached but should not
use the fact that N will be reached in its justification.

To make it sensible to consider the possibility to have to decide at
stage N — 1, 1 too must assume that it can be reached when players
use rational strategies. Also in this case, a consistently justified
strategy can tell what to do if stage N — 1 is reached but should not
depend on N — 1 being reached for its justification.

Both if he uses backward induction or follows reasonableness, he
must play down. If he uses, actually is the first to use, backward in-
duction, he must play down because this is the last time he has a
move and knows what is optimal for 2 to do if he plays pass. But
playing down is also the reasonable choice, since if he plays pass,
the best response of 2 would make 1 worse off. In these circum-
stances, ignoring backward induction and playing pass would sim-
ply declare him irrational, but that would not change what is optimal
for 2 to do if stage N were reached. So an instrumentally rational 1

9 If 2 plays pass at stage N — 2, he knows that even a reasonable 1 must
play down at stage N — 1, and all the more so a 1 which follows backward
induction.
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has no alternative and must play down.

If backward induction is the only reasoning justifying his decision,
using it at this stage is however inconsistent with not having used it
before, and inconsistency is at odds with the fact that 1 is rational,
knows it, and knows that his rationality is common knowledge. If he
wants to go on believing to be rational, he must find a rational ex-
planation for why he did not use backward induction before. If he is
reasonable, he has such an explanation for himself; it can be shown
that a reasonable 1 can play pass at N — 3, and therefore that chang-
ing move’' does not entail inconsistency in the justification of this
decision on his part. However, given common knowledge of the ra-
tionality of both players, he must find such an explanation not only
with respect to himself, but also as concerns 2, and playing pass at N
— 2, requires inconsistency both with the use of bi and of reason-
ableness by 2 at that stage.*

Reaching stage N — 2 is inconsistent with rationality, if backward
induction is the only way of reasoning admitted, since it entails that
till that stage nobody used backward induction. However, it could be
reached if both players are reasonable, or if 1 is reasonable and 2
plays accommodating. At this stage, 2 must play down, both if he is
a backward induction type or if he is reasonable but a backward in-
duction type shows inconsistency, while a reasonable one does not.
So, considering what to do at stage N — 2 involves a counterfactual
in a bi world, while it does not in a world in which reasonableness is
given a chance, i. e. if both are reasonable, or 1 is reasonable and 2
plays accommodating.

Reaching stage N — 2 assumes a pass at stage N — 3. Reaching this
stage is consistent with reasonableness of both players, or with
player 1 being reasonable and 2 playing accommodating; it is not
consistent with rationality if this implies that any of the players must
be a bi type. At stage N — 3, 1 has “always play pass” as a reason-
able strategy;” he knows that 2 knows it and cannot discard its

*! Going from pass at N — 3 to down at N — 1.

32 Furthermore, to believe that 2 is rational is necessary in order to know
what 2 must and will do at stage N.

3 If 2 plays the best response to this strategy, 1 would be no worse off than
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adoption without attributing to 1 the use of backward induction, i. e.
without disbelieving the reasonableness of 1.

If 1 is consistently reasonable, he will play pass up to stage N — 3
included; and for 2, to play pass till stage N — 4 is consistent both
with him playing reasonable or playing accommodating against a
reasonable opponent. So, if reasonableness is consistent with ration-
ality, considering what to do at stage N — 3, actually even at stage N
— 2, does not involve the use of a counterfactual: it is just one of the
situations which could arise, consistently with all the assumptions
being satisfied.

To be consistently reasonable, 1 must play pass till N — 3 included.
The best accommodating strategy for 2 is then to play pass till stage
N —2 is reached, when he will play down.

To be consistently reasonable, 2 must play pass till N — 2 is reached,
when he will play down. The best accommodating strategy for 1 is
to play pass till stage N — 3 is reached, when he will play down.
Notice that for 2, consistent reasonableness and accommodation to a
consistently reasonable 1 lead to the same strategy; for 1, reason-
ableness implies a pass at N — 3, while accommodation requires a
down at that stage. For 2, consistent reasonableness is no better than
backward induction from stage N — 4 onwards, while for 1 this hap-
pens at N — 3.

playing down at stage N — 3, while 2 would be strictly better off.
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Appendix 2: Playing tricks

One can ask whether it is rational, or at least instrumentally justified,
to be consistently reasonable and play pass till stage N — 3 included.
Playing reasonable means persisting in not using backward induc-
tion, but that is what both must have been doing all along. If one is
seriously considering to have to decide at that stage, what has to be
justified is not the giving up of backward induction, since it has
never been used, but whether 1 will stick to the reasonable strategy
also for the rest of the game or has now reasons to abandon it he did
not have before.

1 can play pass not with the intention of sticking to the reasonable
strategy but simply to trump and play a trick on the other, i. e. to
play pass at the current stage intending to play down as soon as he is
called to move again. Playing a trick can be justified without using
backward induction, actually, the sheer possibility of playing it as-
sumes backward induction is kept at bay. What keeps 1 from play-
ing pass at N — 3 is the fact that he knows 2 knows that, for 1, play-
ing a trick™ is better than playing reasonable till the end of the
game. This makes optimal for 2 to play down at N — 2, if there were
a pass at N — 3. So, at this stage, 1 has a reasonable strategy but he
knows its adoption and implementation are not credible.

At N — 4, 2 has both the possibility of playing reasonable and of
playing a trick. Playing a trick gives him a higher payoff than play-
ing reasonable, but what is interesting is that playing reasonable, i.
e., playing pass also at N — 2, gives him the same payoff than play-
ing down immediately. In a sense, playing reasonable, if the other
plays accommodating or reasonable, leaves him no worse off than
using backward induction at stage N — 4.

At N -5, 1 knows that, for 2, playing a trick at N — 4 is better than
playing consistently pass; both these choices would however require
2 to play pass at N — 4 and justify a pass at N — 5. But 1 also
knows that, for 2, playing consistently pass is no better than playing

**1. e., playing pass at N — 3 and then playing down at N — 1, if that stage is
reached.
%> Giving 1 the possibility to play down at N — 3.
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down at N — 4,%® and this is the reason that can decide 1 to play
down immediately. In a sense, 1 is not forced by the knowledge of
the rationality of 2 to assume that 2 will use backward induction at
stage N — 4, though he cannot discard this possibility.

At N —5, 1 can play pass either because he chooses to be reasonable
or because he tries to play a trick. What is new is that playing a trick
successfully does not give a higher payoff than sticking to reason-
ableness also at stage N — 3, if he can assume he will be taken as
reasonable at that stage. In any case, both strategies imply a pass at
N — 5, and a pass is irrational for 1 only if 2 is sure to use backward
induction at stage N — 4, but, by the reasoning above, there is no cer-
tainty on this point: a bi type knows he would never reach that stage
and if that stage is reached, backward induction cannot have been
used.

At stage N — 6, again 2 has both the possibility of reasonableness
and of playing a trick, besides that of using backward induction.
Both reasonableness and tricks imply a pass, both promise higher
payoffs than immediate use of backward induction and now playing
a trick is strictly dominated by playing consistently pass. Backward
induction is necessitated only if it is sure that 1 will not play reason-
able or tricks at N — 5, but of this there is no certainty.

The reasoning can then be repeated stage after stage till the first. It is
obvious that playing a trick too early in the game is inconsistent
with rationality. Furthermore, if there are still enough stages to go, i.
e., if N — n is sufficiently large, provided it can be argued that rea-
sonableness is not inconsistent with rationality, no player is con-
strained by his own rationality and common knowledge of rational-
ity to use backward induction and knows the same will be true also
for the other player at the stage immediately following the one con-
sidered, especially if there is a pass at the current stage.

Reaching stage N — 7, then, comes to depend only on the fact that 2
can believe that 1 is reasonable, at least up to that stage. What has to
be shown is that if 2 believes that 1 is substantively rational in the
pursuit of his aims and observes that 1 has played pass, he has no
choice but to believe that 1 is reasonable: if 1 is rational, only if he

%% In a sense, no better than using backward induction at that stage.
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is willing to use a reasonable strategy can play pass till this stage.
All the reasoning comes down to claiming that, if a player has al-
ways used pass in all previous stages, one needs a reason to justify
his shifting to the use of down. One cannot use backward induction
alone, since this would make the player inconsistent and therefore
irrational. The reason is found in the fact that, at some stage, playing
a trick comes to dominate playing consistently pass in the future.
There is a stage at which the two strategies are indifferent: if at this
stage the player in question plays pass, this indifference makes un-
certain for the other player whether it is better to play pass or down
when it comes his time to move. What motivates the fact that at
some stage one will play down is not backward induction but the or-
dering of playing a trick with respect to playing consistently reason-
able till the end.”’

Appendix 3: In support of reasonableness

If reasonableness cannot be discarded through rationality when play-
ing the underlying game, actually it is required also at that level to
be able to justify using bi, then reasonableness can be considered in
deciding how to play in the overt game. In this game, what 2 has to
decide is whether to accommodate and use the best response to rea-
sonableness, which will be denoted as strategy a, to shift he too to
reasonableness (rea), when this is possible, or, finally, to play im-
mediately the apparently substantively rational strategy, bi.*®

For player 2, choosing reasonableness comes however in two vari-
ants. He can opt for consistent reasonableness,’® or he can choose to
be reasonable till the stage in which persisting in reasonableness
does not promise more than starting to use backward induction, at
which point he shifts to bi or randomises in the choice between rea-
sonableness and bi.*” As it has been seen, in this case, choosing ac-

37 Uncertainty about the stage one will shift from pass to down would any-
way make difficult the use backward induction.

% Play down as soon as one has the choice.

%% And play pass till N — 2 is reached and then play down.

* And if bi is finally chosen, he will play down at N — 4.
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commodation to a persistently reasonable opponent leads to the
same choice as being consistently reasonable.

Similarly, 1 can choose to be reasonable till reasonableness becomes
indifferent to using backward induction and at that stage start to ran-
domise or outright to use backward induction,*" or he can choose to
be persistently reasonable.* For 1, the accommodating strategy to a
consistently reasonable opponent is identical to that associated to the
use of backward induction at N — 3.

Different combinations of choices will lead to different payoffs, but,
for simplicity I will group both a and rea under the banner R. Of
course, any choice within R implies a pass at least till stage N — 4 is
reached, so they will be indistinguishable for most of the game.**
Can 2 have reason to use R at the following stage? To answer this
question is important also for determining whether it can ever be ra-
tional for 1 to choose R and, in turn, the reasons 1 can have for his
choice are important for the choice of 2.

Consider the choice to be made at any stage 1 <n <N - 3.

*!'In which case he can play down at N — 3.

2 And then play pass also at N — 3.

* One could introduce an accommodating strategy for the possibility the
other starts to use bi from the stage at which this is not dominated by con-
sistent reasonableness, but this would unnecessarily complicate the reason-
ing without introducing new possibilities. I exclude the possibility for both
agents to consider adopting the best response to a best response by the
other because it would require inconsistency in the choice of actions at dif-
ferent stages on the part of a player assumed to adopt reasonableness, and
this would contradict the knowledge of rationality. Besides, if a player ad-
mits this possibility for himself, he must admit it for the other player; then
iterated delation of dominated strategies would start a process of backward
induction that would lead to the use of bi from the start, a possibility al-
ready considered.

* They can pass also in order to play a trick, but this would be irrational
for most of the game.
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n odd
2
\ dpry dpi3 dn_4 dy 2
n-1+1; n-1 +1; n-1 +1; n-1+1;
d, 2 n-1 2 n-1 2 n-1 2 n-1
2 2 2 2
ol - 1; ntl +1; ntl +1; n+l +1;
din 2 ntl+l 2 n+l 2 n+l 2 n+l
2 2 2 2
ol - ntl; N-3; N-1;
dy_3 2 ntl+1 | ) n+1 +2 |2 N-1 |2 N-2
2 N 2 2
ntl—1; n+1; N-3; N-2;
dy_y 2 ntl+l 2 ntl+2 (2 N-1 |2 N
2 2 2 2
Fig. 2

Figg. 2 and 3 give the payoff matrix, distinguishing the case in
which n is odd or even. Each d has an index that says in which stage
the player in question plans to play down. For example, in the case
of fig. 2, at n it is 1 to move: d, is to play down immediately,* d,,
is to play down at n + 2,* and finally dy_s (or dy_,) is the decision
to play down at stage N —3*" (or N —1).*®

* The strategy associated to immediate use of backward induction.
* The strategy associated to deciding at stage n to play a trick.
7 Play the accommodating strategy or use backward induction from that

stage.
*® The strategy implied by consistent reasonableness.
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neven
2
\ dn dn+2 dN,4 dez
1
n-1; n-1; n-1; n-1;
dis 2 ntl]|2 n+1]|2 ntl|2 n+1
2 2 2 2
n-1; n; n+2; n+2;
dnis 2 n+1|2 n+2 |2 n+1 |2 n+l1
2 2 2 2
n—1; n; N-3; N-1;
dn_s 2 nt+l|2 n+2 |2 N-112 N-2
2 2 2 2
g_la Qa N_37 N_za
dnoi 2 n+1|2 n+2 |2 N-112 N
2 2 2 2
Fig. 3

Looking at payoffs, dy _; dominates dy _ ;, for player 1, while dy_4
dominates dy _ », for player 2.* This reflects the fact that both con-
cern stages in which persisting in reasonableness does not promise
higher gains than starting to use backward induction, unless the
other too persists to be reasonable, i. e. in which it is optimal to start
to use backward induction if the other does not persist in reason-
ableness. Deletion of the dominated strategy requires use of back-
ward induction, and a reasonable person has alternatives to this
choice which do not violate rationality and, if both persist in reason-
ableness, they get higher payoffs than if the first to reach indiffer-
ence adopts bi. However, for most of the game, one can reason as if
only the first and third row and column were relevant.

At each stage, what one observes of a player is just if he plays pass
or down. This does not reveal much about the strategy chosen by the

4 Once dy_; has been deleted.
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player unless he adopts bi and ends the game; otherwise, he can play
pass because he has chosen one of the alternatives in the last two
colums or row, lumped together in R.*

If player 1 plays pass at stage n, he is declaring he accepts to pay 1
for the possibility of playing a centipede game of length N — n — 1,
with the other player having the first’' move. At each stage, the loss
to playing R with respect to choosing bi when the other chooses bi
for the stage immediately following is 1, while the gain to going bi
just before the other is also limited to 2, both small compared with
prospective gains at least when there are still enough stages to go.
Furthermore, the dominated equilibrium in pure strategies is not
even strict.

The move chosen at the each stage is just the result of the decision
on how to play such a finite sequence of trust games, in which play-
ers alternate in the role of row and column player, all with a similar
payoff matrix in which what changes is just n, the stage reached, and
with it the level of payoffs associated to what remains of the game.
Also this sequence of games can be solved backwards, and so one
can conclude that each player must play bi as soon as he has a
chance, but only at the cost of using a counterfactual which implies
inconsistent behaviour from a person, oneself included, known to be
rational. If one insists on consistency, one is bound to assume that
also this sequence of games can be played reasonably, and then that
R can be adopted in the overt game, almost till the end.>

> One could also play a trick, but a rational player would not do this till n
almost reaches N.

> And the last.

>2In a centipede, it is natural to look at choices as made in succession, but
remember that actually, at each stage, both players simultancously are a-
sked to make a choice between being an R or a bi type, with choosing R
implying to play pass at the current step and bi to play down, also if only
one of the players reveals the move he has chosen. Assume, for example
that it is player 2 that does not reveal the move he has chosen because he
has the move only in the following stage. 2 can revise his choice once he
observes the choice of 1. If 1 plays bi in the current stage, revision by 2 is
irrelevant; if 1 plays R, 2 may have reason to shift from bi to R, but he is
not constrained, not even by rationality, to do so, and is unlikely to have
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In this view, in the initial steps of the sequence, at each stage they
are facing an assurance game with the usual three equilibria, two in
pure strategies, with (R, R) somewhat undefined but clearly Pareto
dominating (bi; bi),”® and one in mixed strategies where both choose
R with positive probability.”* Stage after stage, the (bi, bi) equilib-
rium is associated to higher and higher payoffs, converging to those
associated to the (R, R) equilibrium. In the final steps, the game de-
generates into a prisoners’ dilemma with just one equilibrium in
dominating strategies.

Again, one can solve the sequence backwards, and conclude for the
optimality of playing bi as soon as one has a chance, but at the cost
of inconsistency. If inconsistency is to be avoided, one must look at
the game forward. If one does so, in the assurance phase, rationality
does not allow to single out which equilibrium will be played or
even give a probability to the event a particular one is reached. One
consequence of this fact is that one knows there is an upper bound to
the number of stages the game can go on, N, but the actual number
of stages that will be played is uncertain. This, by itself, blocks
backward induction and makes the adoption of R in the assurance
section consistent with rationality in the choice of the kind of ration-
ality one intends to follow. Consistence with reasonableness implies
however to single out coordination on (R, R) in this phase.

reason for shifting from R to bi. In this sense, this way of looking at the
game tilts choices towards R.

>3 At least if N is sufficiently large.

> As near to 1 as one likes, provided N is chosen sufficiently high.
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