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Abstract

The Kreps—Wilson—Milgrom—Roberts framework is one of the most
renowned ways of modelling reputation—building. Once the number
of repetitions of the game is considered as a choice variable, such
a framework can fruitfully be employed to study the optimal length
of a relationship. We analyze a model where a principal delegates
to an agent the task of playing with a third party a finitely repeated
trust game, characterize the optimal length of the relationship between
principal and agent when the principal’s preferences on the agent’s
type stochastically change over time and show that stable relationships
may optimally obtain (even) in very unstable environments.
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1 Introduction

Delegation is ubiquitous in most human activities. Many important issues
related to delegation, such as the allocation of decisional power (Aghion and
Tirole, 1997), the existence of conflicts of interests (Holmstrom, 1979; Gross-
man and Hart, 1983; Mirrlees, 1999) and the strategic design of incentive
contracts (Fershtman and Judd, 1987) have been widely explored in the lit-
erature. There is, however, another important issue that has so far received
relatively little attention, namely the time length of delegation arrangements
which, in our opinion, should depend on both the characteristics of the del-
egated activity and the environment where such an activity is carried out.
Even a cursory look at the term—length of central bankers in different coun-
tries or the duration of labor contracts across different industries seems to
confirm our opinion.

In this paper, we focus on an important trade—off that characterizes the
choice of the optimal length of delegation arrangements when, as it is often
the case, the delegated activity involves moral hazard and is carried out in
a changing environment: on the one hand, reputation building, which may
be helpful in solving the moral hazard problems, requires sufficiently stable
relationships, while, on the other hand, the need to promptly react to a
changing environment is favored by flexible delegation arrangements.

We model the first element of the above trade—off by assuming that a
principal delegates to an agent the task of playing with a third party a
repeated trust game, i.e., a stylized representation of an interaction charac-
terized by moral hazard. ! In similar settings, the effectiveness of long—term
relationships as a way of increasing efficiency when third party’s enforcement
is unavailable has been recognized for long 2, mainly modelling reputation
building in an infinitely repeated game. However, in such models, the im-
portant link between the degree of stability of a relationship and the amount
of cooperation within such a relationship ® cannot be easily characterized.

I The trust game was first presented as such by Kreps (1990). In recent years, it has
also been the object of many experimental investigations, such as Anderhub et al. (2002),
Berg et al. (1995) and Burnham et al. (2000).

2 For example, Barro and Gordon (1983), Backus and Driffill (1985) and Barro (1986)
show that ongoing interaction between a policy—maker and the private sector can mitigate
the inflation bias and restore some credibility to a low—inflation monetary policy, and
Bull (1987) and MacLeod and Malcomson (1989) show that in long-lasting relationships
employers can induce employees to provide higher effort through the implicit promise to
pay them bonuses.

3 For example, one could reasonably expect that ceteris paribus the behavior of one
player is the more cooperative the larger the number of times the same game will be



Moreover, the length of the relationship is taken as given, while we think
that treating duration as a choice variable is appropriate and interesting,
since in most conceivable situations the parties may optimally take actions
that somehow affect the stability of a relationship and so also affect their
ability to cooperate.

For our purposes, it seems more rewarding to model the benefits of
reputation-building by introducing incomplete information & la Kreps-Wilson
-Milgrom-Roberts (Kreps and Wilson, 1982, Milgrom and Roberts, 1982) in
a finitely repeated trust game, and to assume that the principal, by choos-
ing the length of the delegation arrangement with her agent, also selects
the number of repetitions of the trust game between her agent and a third
party. ° This modelling strategy allows us to meaningfully treat the duration
of a relationship as a choice variable and to reach quite neat and “reason-
able” conclusions on the link between the stability of a relationship and the
amount of cooperation within such a relationship: trust cannot arise unless
the parties perceive their relationship to be sufficiently stable, a more stable
relationship gives rise to more trust and the larger the number of periods
where one party honored trust the better his reputation for trustworthiness.

The simplifying assumption that the principal is able to choose the ac-
tual length of the delegation arrangement with her agent allows us to capture
the much more general idea that the principal is able to affect the degree
of stability of the relationship between the delegate and other parties with
whom he interacts on her behalf. This assumption implies that the delega-
tion arrangement is equipped with the commitment value that may make
long—term relationships preferable to short—term ones, because they allow
at least one party to follow an ex—post sub—optimal course of actions, thus
obtaining a strategic advantage, as in Malcomson and Spinnewyn (1988)

played in the future. For some experimental evidence supporting this intuition see, e.g.,
Tables 8.22 and 8.23 in Camerer (2003) (and the paper to which they refer, Brandt and
Figueras, 2003).

4 Such actions may range from constitutionally setting a term length for public officials,
to the choice of the duration and the degree of flexibility of employment contracts or
purchasing agreements, to relationship—specific investments.

5 To the best of our knowledge, in its relatively few applications, the Kreps—Wilson—
Milgrom—Roberts framework has never been used to study optimal stability, because the
number of repetitions of the game either had no particular meaning or was taken as given.
For example, Backus and Driffill (1985, p.532) and Barro (1986, p.3) apparently use this
type of models mainly because they yield a unique equilibrium. In fact, they also recognize
that there may be a rationale for a finite horizon (government term, with no possibility
of re—election; policy—maker term), but do not consider the number of repetitions of the
game as a choice variable.



and Fudenberg et al (1990). In fact, when the parties have an incentive
to renegotiate, stability can be signaled through the length of the arrange-
ment only if the principal is able to build a reputation for not renegotiat-
ing such length; assuming non-renegotiability can therefore be viewed as
a way to avoid modelling a second kind of reputation—building. As for the
assumption that the principal cannot re—hire the same agent, in Colombo
and Merzoni (2006) we have shown that, under reasonable conditions, in a
repeated trust game the commitment to a long—term relationship is valu-
able. © Hence, even if one allows for renewability, a sequence of short—term
delegation arrangements need not be optimal in our model. Ruling out the
possibility of re—hiring is therefore just a simplifying assumption that allows
us to focus on the case when commitment is valuable. Finally, while in some
applications the assumption that the principal is able to choose the actual
length of the delegation arrangement with her agent can be taken at its face
value (for example, some central bankers or the members of many indepen-
dent agencies in several countries are appointed for a fixed, non-renewable
term, and can be removed from their office only in rather exceptional cases),
in other applications it holds only in approximate terms (for example, even if
a permanent position within a firm does not necessarily imply that a worker
always stays with the same firm, it seems reasonable to assume that on av-
erage the relationship between a firm and its permanent workers lasts longer
than its relationship with temporary workers).

We have up to now focused on the moral hazard nature of delegated
activities. Of course, in this setting, allowing the principal to choose the
number of repetitions of the game does not lead us too far in the determi-
nation of the optimal length of delegation: indeed, the principal always has
the incentive to indefinitely increase such a number. However, it is quite
obvious that the commitment to a long—term relationship may have some
drawbacks. Once one takes them into account, the choice of the optimal
length of a relationship becomes a real and important issue.

The second effect of the length of delegation arrangements we consider
is that longer delegation means less flexibility. This makes it more costly or

6 In Colombo and Merzoni (2006) we considered a simple two-period model where
a principal (directly) plays a (possibly repeated) trust game with her agent in a stable
environment, the agent’s skills are private information at the beginning of the relationship
and later revealed to the principal, and one—period contracts can be renewed. We showed
that it may be optimal for the principal to commit to a two—period relationship with
her agent (renewable one—period contracts may indeed give rise to not—sufficiently—stable
relationships, which inhibit the emergence of trust). In Colombo and Merzoni (2004)
the same result was obtained in a similar (two-period) model where, however, as in the
present paper, the playing of the trust game is delegated.
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even impossible to react to new information.

We assume that agents are of different types; the type of an agent is
publicly observable and verifiable. The principal lives however in a changing
environment: in each period there is a given probability that a non—verifiable
shock occurs, which changes her needs. Hence, after a shock, the principal
would have the incentive to replace the existing agent with a new one who
exactly matches her needs at that moment; however, she can replace her
agent only after the agreed upon period of delegation expires. Shorter dele-
gation allows the principal to more often choose an agent who matches her
needs, and so to have for a lower (expected) number of periods an unfit
agent.

The optimal length of the delegation arrangement depends on the rela-
tive strength of the benefits of a stable vs a flexible relationship. On the one
hand, the longer the length of the arrangement, the more stable the relation-
ship between the agent and a third party, and so the larger the amount of
trust within such a relationship. On the other hand, the shorter the length
of the arrangement, the more often the principal is able to replace the old
agent with a new, more suitable one. We think that such a trade—off char-
acterizes most problems of delegation. For example, long—term delegation
to a conservative central banker reduces the inflation bias, but entails the
risk of having for some time a central banker who has preferences that differ
from those of the public (as expressed, for example, in the outcome of a gen-
eral election) 7: long-term delegation to a manager to supervise employees
and pay them bonuses favors the emergence of trust within the firm, but
also makes it more difficult to adjust to shocks. Our model is meant there-
fore to represent an encompassing framework that characterizes the optimal
length of delegation arrangements as determined by the very nature of the
delegated activities, which are defined by their general features and by the
environment where they are carried out.

This paper can be related to the (relatively scarce) literature on optimal
contract length. In a very general setting, Malcomson and Spinnewyn (1988)
and Fudenberg, Holmstrom and Milgrom (1990), besides recognizing the
value of commitment in long—term relationships, also provide conditions for
the equivalence between short—term and long—term contracts. Yet, they do
not model any explicit benefit of short—term contracts, as we do.

Gray (1978), Dye (1985), Harris and Holmstrom (1987) and Cantor (1988)
take into account an advantage of short—term contracts: as time passes, the

7 A similar problem has been studied by Waller and Walsh (1996) and Lin (1999) who,

however, fail to endogenize the benefits of long—term delegation. See also Lindner (2000).
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parties’ acquire information, and this enables them to profitably reshape the
contract. In those papers, however, the commitment to a long—term relation-
ship has no value per se, so the only reason why spot contracts are not always
optimal is the need to bear exogenously given writing or re—contracting costs.
Our paper endogenizes the above costs as forgone returns for the principal
due to the time needed by a new agent to build his reputation and so relates
them to an intrinsic and important feature of repeated relationships, namely
the dependence of the amount of cooperation on the perception of stability.

Our comparative statics analysis leads to two main results.

First, as expected, as long as reputation is worth—building, the optimal
length of delegation increases as reputation becomes more costly to be es-
tablished and decreases as it becomes more costly for the principal to keep
an agent who does not fit her needs. However, when either of these costs
becomes too large, the principal chooses to renounce reputation—building
and hires in each period an agent who exactly matches her needs, so there
is a downward jump in the optimal length of delegation. This discontinuity
depends on the indivisibility of the investment in reputation in our model,
which seems compatible with many real-world examples, where trust gener-
ally emerges only after a (trial) period characterized by a sub—optimal level
of cooperation; when such a period is too long, it may then become optimal
to give up reputation—building altogether.

Our second main comparative statics result concerns the relation between
variability of the environment and optimal length of delegation. The liter-
ature on optimal contract length has studied the effects of variability and
proposed two main views: according to Gray (1978), length should decrease
with the size of shocks because larger shocks make the need to adjust con-
tracts’ provisions more frequent; on the other hand, Danziger (1988) claims
that, as variability increases, contracts should become longer to provide in-
surance more efficiently. ® In our setting, agents are risk—neutral, so the in-
surance argument plays no role. Thus, one could conjecture that we should
obtain a decreasing relationship. We show that this is actually the case if
one measures the variability of the environment by the maximum loss the
principal suffers in one period if her agent does not fit her needs. However,
when the variability of the environment is seen as a lack of stability and
measured by the probability that a shock occurs, the relationship between
variability and optimal length of delegation turns out to be decreasing only
if the cost of building reputation is small relative to the loss for the principal

8 Many empirical studies have tried to test these two conflicting predictions (e.g.,
Christofides and Wilton, 1983; Murphy, 2000; Wallace, 2001; Rich and Tracy, 2004). Yet,
so far the evidence seems mixed.
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of keeping an unfit agent, whereas it is U—shaped otherwise.

The possibility of a non—monotonic relationship between variability of
the environment (seen as lack of stability) and optimal length of delegation
is due to the existence of two opposite effects. On the one hand, as the
variability of the environment increases, there is a lower probability that an
agent will fit her principal’s needs for long, so it becomes more desirable for
the principal to change agent frequently; this provides her with an incentive
to decrease the length of the relationship. On the other hand, an increase
in the variability of the environment decreases the benefit for the principal
of replacing an unfit agent, since a new agent appropriately selected is less
likely to remain well suited for long; this provides her with an incentive to
increase the length of the relationship. ° When the latter effect prevails,
a rise in the variability of the environment leads therefore to more stable
(longer) relationships.

Even though proper empirical tests are beyond the scope of the present
paper, some casual evidence, mainly based on published data, seems to be
consistent with the results of our analysis. The fact that the statutory
provisions for the central banks of all the OECD countries establish a term
length of at least 4 years for their leaders, coupled with the recognition of the
need of some credibility for the management of monetary policy, seems to be
consistent with the conclusion that reputation—building calls for a sufficiently
long delegation arrangement; the fact that in recent decades both countries
with a very unstable political environment, measured by the average duration
of governments, like Italy, and a very stable one, like Canada and the U.K.,
all have had central bankers with quite long average length of term, while
Japan, which was characterized by a degree of political stability somewhere
in the middle, has had central bankers with shorter length of term, seems to
be an indirect confirmation of our non—-monotonicity result.!’

The structure of the paper is the following. In section 2, we describe the

9 Two similar effects have already been pointed out by Harris and Holmstrom (1987)
in quite a different setting. They consider a model where the terms of the contract ruling
a borrower—lender relationship depend on a randomly evolving state variable, which is
observable only at a cost. The players choose when to pay such a cost and reshape
the contract accordingly. Using simulations, they also obtain an U-shaped relationship
between the optimal length of the agreement and the variability of the environment. In
our model, we show that U-shapeness is actually not the unique possibility, and spell out
mathematical conditions for both monotonicity and U-shapeness.

10 Qur calculations of the average duration of governments are based on the data in
Woldendorp et al. (1998), while information on the average length of term of the Heads
of Central banks were collected from the Banks’ websites. For a little more detailed
discussion of this and other sources of empirical evidence, see Section 4.
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delegation game, solve it and characterize the optimal length of delegation.
In section 3, we make some comparative statics. In section 4, we discuss
the implications of our results in two examples of delegation and provide
some empirical evidence. Section 5 concludes. All the proofs are in the
Mathematical Appendices.

2 The model

An infinitely lived (female) principal delegates to a (male) agent the task
of playing as a responder a K times repeated trust game with a (gender
neutral) third party, which acts as a proposer.
In a trust game, the proposer has to choose whether to trust (t) or not to
trust (n) the responder. If it trusts, the responder is given the move and has
to decide whether to honor trust (h) or abuse it (a). The proposer prefers to
trust if the responder honors trust, and not to trust if the responder abuses
trust. Whenever he is given the move, the responder prefers to behave
opportunistically and abuse trust. Finally, the responder is better off when
trust is given and honored than when trust is not given.

Without loss of generality, the one—shot version of the trust game can be
represented as follows:

responder j (1 1)

proposer
n (0,0)
FIGURE 1. THE ONE-SHOT TRUST GAME

where [ > 0 is the proposer’s loss when the responder abuses its trust, while
0 > 1 is the responder’s payoff when he behaves in an opportunistic way and
abuses the proposer’s trust.

We assume that the responder is either trustworthy or untrustworthy; the
untrustworthy responder plays the game in FIG. 1, whereas the trustworthy
always honors trust. The responder knows whether he is trustworthy, while
the a priori probability that he is trustworthy is p € (0, 1).

The introduction of this type of incomplete information is a modelling
device!! that characterizes models a la Kreps—Wilson-Milgrom—Roberts and

11 Hence, we do not allow the principal to devise a contract that selects trustworthy
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enables to reach unique and “reasonable” conclusions in finitely repeated
games. In the tradition of this literature, we assume that p is small.

We also consider a second type of (real) incomplete information, which,
in our opinion, captures an essential feature of delegation problems, namely
the principal’s concern for how the agent fits her needs: if in period k the
principal faces an agent of type 05 while preferring an agent of type 0y, she
will suffer a loss L(0y, @k) from having an unfit agent.

We assume that the agent’s type is constant through time, but the prin-
cipal’s loss may be not since she lives in a changing environment: the agent
who fits her needs in period k& — 1 best may not be the best agent in period
k. The dynamics of 6 is modelled as follows: in each period k, there is a
probability v € (0,1) that 0r = 0r_1 and a probability 1 — ~ that 0 is
the realization of a random variable uniformly distributed on a circle of cir-
cumference 2d, so that the maximum distance between actual and preferred
agent is d > 0. This assumption is meant to reflect a distinction between
ordinary periods, when the principal’s needs stay more or less the same, and
periods of structural change, when a shock affects the type of agent preferred
by the principal. Thus, our model describes well situations with no trend
in shocks: ex ante, there is no ranking of agents’ types conditional on at
least one shock having occurred (i.e., a priori all agents perform equally
well); moreover, shocks do not add, so the loss of having an unfit agent is
bounded 2. Finally, the above assumption makes an important distinction
between two sources of variability that will be shown to have different ef-
fects on the optimal length of delegation: on the one hand, 1—~ (probability
that a shock occurs) measures the lack of stability in the environment; on
the other hand, d (maximum distance between actual and preferred agent)
measures the size (range) of the change in the environment.

We also assume that the agent’s type is observable by the principal and
verifiable, while the type of agent preferred by the principal in a given period
is known to the principal but it is not verifiable. All types of agents are
available, so in a given period the principal can hire an agent who exactly
matches her needs, thus suffering no loss in that period; however, if she
commits to keep the same agent for more than one period, she will risk
having for some time an unfit agent (if a shock occurs).

The characteristics of the delegation arrangement between the principal

agents, because trustworthy agents actually do not exist.

12 Assuming that the potential loss is bounded seems reasonable in most conceivable
applications of our analysis: the amount of “damage” that an unfit agent can cause is
limited by the value of the activity he is involved in.
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and her agent may change the structure and so the outcome of the trust
game between the agent and the third party. In particular, the expected
time length of delegation, by affecting the perception of stability of the trust
relationship, also affects the amount of trust that will arise. We model this
feature by assuming that the principal chooses the length K of the arrange-
ment with her agent and, by so doing, she also chooses the number K of
repetitions of the trust game. K is thus an endogenous variable, which is
chosen by the principal taking into account both the risk (and cost) of keep-
ing for some time an unfit agent and the payoff from the trust relationship
between her agent and a third party.

The timing of the delegation game is the following:
(i) the principal (P) chooses which type of agent to hire and the length K
of the delegation arrangement;
(ii) the agent (A) plays a K times repeated trust game as a responder with
a third party (T'), which acts as a proposer;
(iii) at the end of each stage of the trust game, there is a probability 1 — v
that a shock occurs, which changes the principal’s needs;
(iv) if K is finite, at the end of the repeated trust game the principal hires
another agent for K periods, and so on.

The following figure summarizes points (i)—(iii) of the timing of the game.

P chooses T' chooses A chooses w.p. 1—v
0p and K tormn hor a a shock occurs
| | | Lo l | |
I T T 1 I 1 T
0 1A 1B 1C KA KB KC tlime

FIGURE 2. TIMING OF THE GAME

We now make three simplifying assumptions. First, the agent’s ability
to build a reputation for trustworthiness does not depend on his type, so
the principal’s problem is separable and her per—period expected utility ()
is the sum of the payoff she earns from the trust relationship between her
agent and a third party (77) and from the fitness (or lack of fitness) of
her agent (71"). Second, the interests of the principal and the agent in the
trust game are perfectly aligned; hence, we abstract from a standard feature
of delegation models to focus on the length of the arrangement. Finally,
L(0y, 0r) = 2u dist(0y, 0x), where dist(-,-) is the Euclidean distance on the
circle and w > 0 is half the unit cost for the principal of having an unfit
agent.
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We find the sequential equilibrium of the delegation game working in two
steps: first, for each length K of the delegation arrangement, we write the
per—period expected utility of the principal 7(K) = 77 (K) + 7' (K); then
we find the length K* that maximizes 7(K).

In the first step, the principal anticipates, for each length K of the del-
egation arrangement, the equilibrium that would obtain in the K times re-
peated trust game between her agent and a third party. RESULT 2.1 below is
a straightforward application to our setting of the Kreps and Wilson (1982)
reputation—building analysis. We let £; be the probability that, in period k,
the third party trusts the agent, and hj the probability that the untrustwor-
thy agent honors trust.

RESULT 2.1 Let py be the probability the third party attaches in period k to
the agent being trustworthy. In the unique 3 sequential equilibrium,

Lo ifpe > ()<
S R il 1)
0 ifpe < (z)"
1 if pr > ()"
By — pe L-()5 <1 if0<pp< (A)Kk (2.2)
k T-pe ()5 F , Pk T+1 &
0 if pr =0
where
Pk if px> 0 and in period k the agent is not given trust
Pril = m% if p> 0 and in period k the agent honors trust

if pr= 0 or in period k the agent abuses trust
(2.3)

As the game unfolds, the third party updates its beliefs on the basis of
its observation of the agent’s behavior; as long as the latter honors trust,
the probability the third party attaches to the agent being trustworthy, ps,
increases. Hence, the effectiveness of trust—building is affected by the number
of repetitions of the game. The sequential equilibrium in RESULT 2.1 can thus
be appropriately re—expressed in PROP. 2.1 as a function of the number K
of repetitions of the game. This is useful for solving the delegation game
because it enables us to write the principal’s payoff as a function of the

13 We will henceforth rule out the zero—probability values of the parameters that give
rise to multiple equilibria.
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length K of the arrangement with her agent. However, we also find it very
interesting per se because it allows to rephrase reputation equilibria ¢ la
Kreps-Wilson-Milgrom-Roberts (and players’ payoffs) as a function of the
number of repetitions of the game.

PROPOSITION 2.1 Let f((p, 1) be the integer part of K(p,1), where K(p,l) €

R is the unique solution to
! K(p,l)-1
p= (m)

If K < f((p, 1), in the unique sequential equilibrium, tp = 0 for all k =
1,2,...,K (i.e., the agent is never trusted).
If K > K(p,l), in the unique sequential equilibrium,

1 ke CuT
o1 k ¢ CUT and in period k — 1 the third party
tr = o gave trust and the agent honored it (2.4)
0 k ¢ CUT and in period k — 1 either the third party
did not give trust or the agent abused it
1 keC
p D
T L)< keT
hy = (Rt k ¢ CUT and in the past the agent (2.5)
I+11—(g)K -k +t never abused trust
0 k ¢ CUT and in at least one previous
period the agent abused trust

where T = {K — K(p,1)+ 1} and C = {1,2,..., K — K(p,)}, with C = 0 if
K = K(p,1).

Reputation equilibria & la Kreps-Wilson-Milgrom-Roberts, as described by
PROP. 2.1, have some nice properties. First, when K < K(p,[), K(p,!) being
the minimum number of repetitions giving rise to trust-building 4, the third

14 In equilibrium, a reputation for trustworthiness obtains when K > IN((p,l), while
it does not when K < k(p,l). This seems to suggest that reputation building has a
somehow dichotomous nature, since it calls for paying some type of “fixed cost” (for
example, a sunk investment in time). As we will see below, this “fixed cost” gives rise to

a discontinuity in the principal’s expected utility function.
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party does not trust the agent; so, trust cannot arise unless the parties per-
ceive their relationship to be sufficiently stable. Second, when K > K (p, 1),
in the first K — K (p, 1) periods the untrustworthy agent imitates the trust-
worthy and honors trust. Hence, in equilibrium, an increase in the number
K of repetitions of the game increases the number of periods belonging to
the (cooperation) set C, where trust is given and honored '°: a more stable
relationship gives rise to more trust. Finally, after the (transition) period
T, when the third party gives trust and the agent starts playing a mixed
strategy, the closer the end of the game, the higher the probability that a
agent who never abused trust is considered as trustworthy, so the larger the
number of periods where one party honored trust, the better his reputation
for trustworthiness.

Using PROP. 2.1, we can easily define the function 77 (K). Moreover,
given the dynamics of ék, after a shock, a priori all agents perform equally
well, so every time the principal hires a new agent, she finds it optimal
to select an agent who exactly matches her needs at that moment. As a
consequence, if she keeps an agent for K periods, she will start suffering
a loss (with probability one) only after the first shock has occurred; this
defines the function % (K).

RESULT 2.2 below provides a reasonably simple expression for 7(K) when
K > K(p,1), while FIG. 3 illustrates the qualitative features of 77 (K) and
7' (K), and points out the basic trade-off between trust and fitness: an
increase in K rises 77 (-) but lowers 7'(-). For analytical convenience, K is
henceforth considered as a real number.

RESULT 2.2 Let K > K(p,1). Then

K(p,l)—o

m(K) =" (K) + 7" (K) =1 - R =7

where: _
(i) nT(K) = 1—%, 7T (K) tends to 1 as K tends to infinite, 77 ' (K) >
0 and 7T "(K) < 0 for all K;

(ii) 7F (K) = —ud + %11—:7;—(1“1, 7 (K) tends to —ud as K tends to infinite,

7P '(K) <0 and 7" (K) > 0 for all K.

15 Note that f((p,l) is increasing in [ and decreasing in p, so the smaller the third

party’s loss when the agent abuses trust and the higher the probability that the agent is
trustworthy, the larger the cooperation set.
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FIGURE 3. THE TRADE-OFF BETWEEN TRUST AND FITNESS

We will now provide an economic intuition for the mathematical properties
of the functions 77 (K) and 7' (K), and give two important definitions.

In the trust game, should actions be verifiable, the parties would write a
contract where the third party gives trust and the agent honors it. The
principal’s (cooperation) payoff would be equal to 1; during K periods, the
principal would thus earn K. In our model, however, actions are not veri-
fiable, so if the principal hires an agent for K periods, she will (only) earn
K — (K (p,1)—o0) '®. The term K (p, ) — o can therefore be interpreted as the

16 Tn the first K — f((p, 1) periods (cooperation set C), the third party gives trust and
the agent honors it, so the principal earns K — f((p, ). In the transition period T, the
third party gives trust and the untrustworthy agent plays a mixed strategy. This implies
that the agent must be indifferent between abusing trust and honoring it. Should he
abuse trust, he would earn o in that period and zero in all the following periods (because
the third party would no longer give him trust). Hence, in the last f((p,l) periods the
principal earns (in expected terms) o. The overall expected utility for the principal in K
periods is therefore K — K(p,1) + o.
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principal’s (fized) expected cost of building reputation: each time the princi-
pal hires a new agent for K > K(p, 1) periods, she “loses” K(p, 1) — o (with
respect to the case where actions are verifiable) !7. The term K(p,1) — o
plays exactly the same role as the re—contracting cost in Gray (1978), Dye
(1985), Harris and Holmstrom (1987) and Cantor (1988); thus, our model
endogenizes such a cost.

The larger is K, the less often the cost of building reputation is paid.
This has a straightforward implication on the per—period principal’s expected
return in the repeated trust game

K—(K(pJ)—O) :l_K(pvl)_O
K K

(K) = (2.7)
which is increasing in K because the fixed cost is split between a larger
number of periods. At the limit, when K tends to infinite, the effect of the
per—period fixed cost vanishes, so 77 (K) tends to the cooperation payoff
1 ¥ (see RESULT 2.2 and FIG. 3).

As for
1—~0 1-— 1—~2)... 1 —~KE-1L
P B B PN D IR T B I
K
K—(14+4~y+~24... 481 i
= — (L+7 ’VK i )ud:—ud—}—%llj:ud
(2.8)

the generic term 1 — +* in the numerator of the first expression represents
the probability that at least one shock will occur in the first k& 4+ 1 periods.
After a shock, the agent will not match (with probability one) the principal’s
needs, and from that period onwards the principal will suffer (in each period)
an expected loss equal to ud. The term ud can therefore be interpreted as
the principal’s (per-period) expected cost of keeping an unfit agent 19 1~k

17 f((p,l) — o is also the reduction in expected utility for the principal coming from
the trust relationship between her agent and a third party when she hires two agents for
K > K (p,l) periods each rather than (only) one agent for 2K periods. K (p,l) — o can
therefore also be seen as the reputational cost of halving the length of the contract and
interpreted as the cost for an additional agent to build a reputation for trustworthiness.

18 This is reminiscent of a well known result by Radner (1981): in a repeated principal—
agent game, the epsilon—equilibrium per—period expected utility for each player is arbi-
trarily close to the one—period cooperation payoff, provided that the number of repetitions
is large enough.

19 This cost positively depends on both the maximum distance between actual and
required agent, d (i.c., the size of the possible changes in the environment), and half the
unit loss of having an unfit agent, u.
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is increasing in k. Hence, the larger is K, the more often the above cost is
paid. This explains why 7/ (K) is decreasing in K. At the limit, when K
tends to infinite, the agent (almost) always does not fit his principal’s needs,
so 7' (K) tends to —ud (see RESULT 2.2 and FIG. 3).

RESULT 2.2 provides a mathematical expression for 7 (K) when K >
K (p,1). To complete the first step of the solution, we also need to write
7(K) for K < K(p,1). According to PROP. 2.1, in the repeated trust game
the third party never trusts the agent, so

11—9K
W(K):WF(K):—ud—}—? 1_7’}/

ud (2.9)

Let us finally analyze the second step of the solution procedure: the prin-
cipal chooses the (optimal) length K* that maximizes m(K). To ease the
interpretation of the results, we treat it as a new two—stage procedure: first,
the principal chooses whether to let her agent build a reputation for trust-
worthiness by setting K > K (p,1) or renounce reputation—building and set
K < K(p,1); then, for each of the two cases, the principal chooses the length
that maximizes her per—period expected utility (K and KV will henceforth
denote the optimal length of the delegation arrangement for the principal
when, in the first stage, she chose to let her agent, respectively, build a
reputation for trustworthiness and not build it).

If in the first stage the principal chose to let her agent build a reputa-
tion for trustworthiness, in the second stage she will maximize EQ. (2.6).
PROP. 2.2 below characterizes the unique candidate to an interior solution,
K, and shows that K = K whenever K exists and K > R’(p, ). On the
other hand, when either K does not exist or K < K (p,1), a boundary so-
lution obtains (respectively, K = co and K® = K(p,l)). As for the case
where, in the first stage, the principal chose to renounce reputation—building,
in the second stage she will maximize EQ. (2.9). 7" (K) is strictly decreasing
in K, so KN =1.

Given the solution of the second stage, the principal solves the first stage
by comparing 7(K) and 7(K") = 7 (1) = 0. PrROP. 2.2 performs such
a comparison and characterizes the optimal length K* € {K~ K%} of the
delegation arrangement.

PROPOSITION 2.2 Let

B K(p,l)—o
= ud

g(K) =7%(1 = Klny)+5 -5 -1 (2.11)

(2.10)
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and
K be such that g(K) =0 (2.12)

1 -
(i) Ify>1-— E, K exists and is unique.

For K > K(p,1), n(K) reaches its mazimum at K® = max{K(p,1),K}.
The optimal length of delegation is 2

o[ KR = wax{Rp 0K} if e(max{K(p, 1), K}) 20
KN =1 if m(max{K(p,1),K}) <0

1 -
(i) If y <1-— 5 K does not exist.

For K > K(p,1), n(K) is strictly increasing in K, so K® = co. The optimal
length of delegation is

« KN =1 if ud > 1
K = R .
K"=o00 ifud <1

PrOP. 2.2 shows that there are four possible types of equilibria. Three
of them are boundary solutions. First, when K* = oo, the principal accepts
to have almost always an unfit agent, thus suffering a per—period expected
loss equal to ud, in order to induce the third party to always trust her agent,
thus earning 1 in each period. The (overall) per—period expected payoff for
the principal is therefore 1 —ud. Second, when K* = 1, the principal always
has the most suitable agent, so she suffers no loss from fitness, but has to
renounce reputation-building. The (overall) per—period expected payoff for
the principal is therefore 0 2!. Third, when K* = K(p,[), the principal
selects the minimum length for the contract that induces the third party
to trust her agent. In addition to the three boundary solutions, there may
also be an internal solution K* = K € (K(p,1),00). The dependence of
the equilibria on the parameters of the model will be analyzed in the next
section.

20 In the zero—probability event where the principal is indifferent between letting her
agent build a reputation for trustworthiness (but risking keeping for some time an unfit
agent) and renouncing reputation—building (but always having the best agent), we assume
that she chooses the first alternative.

2l Tt is worth noting that, if ud < 1, then K = oo is better than K = 1, so K* =
K%, i.e., the principal always deems it optimal to let her agent build a reputation for
trustworthiness.
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3 Comparative statics

According to PROP. 2.2, the optimal length of the delegation arrangement
depends on many parameters: p and [ (which affect K ,1)), 0, u, d and 7.
For simplicity, we have chosen to focus on three functions of such parameters:
the principal’s per-period expected cost of keeping an unfit agent (ud), the
principal’s (fized) expected cost of building reputation (K (p,1) — o) and the
per-period probability that a shock will not occur (7).

An increase in ud makes it more costly for the principal to keep the same
agent for more periods (larger loss if a shock occurs). An increase in K (p, ) —
o makes it more costly for the principal to terminate a relationship with an
agent and start a relationship with a new agent who is called to build a
reputation for trustworthiness (larger fixed cost every K periods). Finally,
an increase in v makes it less costly for the principal to keep the same agent
for more periods (lower probability that a shock will occur). Thus, one might
conjecture that the optimal length of delegation is (i) decreasing in ud, (i)
increasing in K (p,l) — o, (%) increasing in .

We will now show that (i) is unconditionally true, (i) is true only if the
change in K (p,1) — o does not affect the principal’s decision to let her agent
build a reputation for trustworthiness, (%) may be false because an increase
in 7y also makes it more profitable for the principal to hire a new agent (higher
expected number of periods where the principal suffers no loss), so a change
in ~ gives rise to two opposite effects, and the optimal length of delegation
is either increasing or decreasing in 7 according to which of the two effects
prevails.

3.1 Costs and benefits of a stable relationship

In this subsection, we study how the optimal length K* of delegation is af-
fected by a change in either the principal’s per-period expected cost of keeping
an unfit agent (ud) or the principal’s (fized) expected cost of building repu-
tation (K (p,1) — o).

The following proposition shows how K* is affected by a change in ud.

PROPOSITION 3.1 There exists ¢ > 0 such that
K — KB > k(p, 1) decreasing in ud ifud <P
Tl KN =1 ifud >

22

The optimal length of delegation is decreasing “* in ud. As long as ud < 3,

22 : : : :
== The terms decreasing and increasing will henceforth be used as synonyms for non-
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the principal deems it optimal to let her agent build a reputation for trust-
worthiness (K* = K R) and reacts to an increase in the per—period expected
cost of having an unfit agent by decreasing the length of the delegation
arrangement, thus lowering the probability of paying such a cost. However,
when ud exceeds the threshold level , having an unfit agent is so costly
that the principal chooses to renounce reputation-building (K* = K N ): the
optimal length of delegation jumps to one, and in each period the principal
hires an agent who exactly matches her needs.

ProprosSITION 3.2 _ ~
(i) Ifud < 1, K* = KT > K (p,1) increasing in K(p,1) — o.
(ii) If ud > 1, there exists 1 such that %3

K" = max{K(p,1), K} Lz )
pS ) ) K l _ <
K — increasing in K(p,l) — o if K(p,l) —o<

KN =1 if K(p,1) —o0>1

An increase in the (fixed) expected cost of building reputation K (p, 1) —o has
two effects. On the one hand, it reduces the incentive for the principal to let
her agent build a reputation for trustworthiness. On the other hand, when
the principal chooses to let her agent build a reputation for trustworthiness,
it provides the principal with an incentive to increase the length of the
delegation arrangement in order to pay less often such a fixed cost.

When ud > 1, the principal chooses to let her agent build a reputation for
trustworthiness (K* = K%) only when the (fixed) expected cost of building
reputation is sufficiently low (f((p, ) — o < ). In that case, the principal
reacts to an increase in the (fixed) expected cost of building reputation by
increasing the length of the delegation arrangement, thus paying such a
cost less often. However, when such a cost exceeds the threshold level ),
the principal chooses to renounce reputation-building (K* = K N ), so the
optimal length of delegation jumps to one, and in each period the principal
hires an agent who exactly matches her needs. Finally, when ud < 1, the
principal always deems it optimal to let her agent build a reputation for
trustworthiness (K* = K%, so, as before, she reacts to an increase in the

increasing and non—decreasing. Indeed, in a boundary solution (K(p,l) or co) K may

be insensitive to the value of some parameters within a given interval.

23 We rule out the (not particularly interesting) case where, for a given IN((p, l), K* =
KN =1 for all 0 < K(p,1) or, for a given o, K* = KN = 1 for all K(p,1) > o, so that the
optimal length of the arrangement does not depend on K(p,1) — o.
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(fixed) expected cost of building reputation by increasing the length of the
delegation arrangement, thus paying such a cost less often.

As a conclusion, the comparative statics analysis of this section confirms
the intuition on the effects of the two different types of costs on the optimal
length of delegation, provided the principal decides to let her agent build a
reputation for trustworthiness. More interestingly, increases in both these
costs may trigger a regime switch, where the principal chooses to give up
reputation-building, and the optimal length of delegation jumps to one.

3.2 Stability of the environment

In this subsection, we study how the optimal length K* of delegation is
affected by changes in the stability of the environment as measured by the
per-period probability that a shock will not occur (7).

For some values of the parameters, K* is equal to K, which depends on
v (EQs. (2.11) and (2.12)). The following result characterizes the behavior
of the function K (v) at the boundaries of its domain 24.

Resurr 3.1 -
(a) When 8 > 1, as ~y tends to either 1 — % or 1, K(v) tends to infinite;

(b) When B < 1, as 7y tends to 0, K(v) tends to zero; as ~y tends to 1, K(v)
tends to infinite.

RESULT 3.1 implies that when 3 > 1, there exist v;,7v, € (1 — %, 1) such
that the function K (v) is strictly decreasing in «y for all y € (1 — %7 v1) and
strictly increasing in « for all v € (4, 1). Hence, when 5 > 1, the function
K (v) is always non—monotonic in 7.

Unfortunately, we have been unable to fully investigate analytically the
behavior of the function K (7) in the interior of its domain. However, nu-
merical simulations unequivocally suggest that v, = 7, so K(v) is strictly
decreasing in y for “low” values of v and strictly increasing in v for “high”
values of v 2°. We confidently write this “conjecture” as a formal result 2°,

24 From PROP. 2.2, when B > 1, K (v) exists if (and only if) v € (1 — %7 1); when 8 < 1,
K () exists for all v € (0,1).

25 For a somehow similar result in quite a different model, see Harris and Holm-
strom (1987). This might suggest that the above result is robust to (even) drastic
changes in the model. However, we show below that when 8 < 1, K(v) is increasing in
7, so U-shapeness seems to be a less general result than one could expect after reading
Harris and Holmstrom (1987).

26 We do not delve into the methodological issue of whether and when numerical simu-
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RESULT 3.2 When 3 > 1, there exists ¥ € (1 — %, 1) such that

dK(y)/dy <0  forally e (1-%,7)
dK(y)/dy=0  fory=%
dK(y)/dy>0  forally € (y,1)

For example, FIG. 4 shows the function K (v) when f3 is, respectively, 1.20,
1.50 and 1.80 (the higher the value of §, the higher the curve).
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FIGURE 4: When 3 > 1, K(v) is not monotonic in ~y

The following proposition also considers boundary solutions, and shows
how K* is affected by a change in v when § > 1.

ProroSITION 3.3 Let > 1.

(i) Ifud <1,
KR =00 v€(0,1— %]
K*={ K?=max{K(p,1),K(y)} decreasing in ~ vye(l- %, )

KE = maX{K(p, 1), K(v)} increasing in ~ ve 1)

(ii) If ud > 1, there exists v € (1—%7 1) such that m(max{K (p, 1), K(v%)}) =

lations can actually prove analytically an assertion. However, we think that, in practical
terms, checking the validity of the following proposition for all 3 € (0,10) (considering
changes by 0.10) and for all v € (0,1) (considering changes by 0.01) is more than enough
for attaining an absolute confidence on its correctness.
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0, and

KN =1 7€ (0,97)
K*={ K®=max{K(p,1),K(y)} decreasing in ~ v € [y, max{~+#,~})
K = max{K(p,1), K(v)} increasing in y v € [max{y¥ 7}, 1)

We now provide a possible intuition for the above results in terms of the two
effects mentioned in SEC. 3. Let us initially consider the case where ud < 1,
so that the principal always deems it optimal to let her agent build a repu-
tation for trustworthiness (K* = K¥). When ~ is “very low” (y < 1 — %),
the benefit from changing the agent is relatively small and not lasting, so
the principal completely disregards such a possibility and selects the longest
possible arrangement (K* = c0). As the environment becomes more stable
but « is still “rather low” (y € (1 — %, 7)), the principal can reason as if she
could disregard what happens after few periods, since from then on the agent
will “almost certainly” be unfit for the job. The only really meaningful effect
of an increase in 7 is that it makes it more likely that in the first few periods
following a replacement the new agent will still be fit for the job (i.e., it
increases the value of hiring a new agent) 27, Hence, the principal chooses to
benefit more often from those large initial payoffs by shortening the length of
the delegation arrangement (K* = max{K (p,1), K ()} decreasing in 7). Fi-
nally, when v is “high” (v € [¥, 1)), the probability that an agent will still be
fit for the job after many periods is sufficiently high that the principal can-
not disregard what happens then. An increase in v makes the fitness of the
agent last for more periods (in expected terms); this effect prevails 28 g0 it
becomes more desirable for the principal to select longer term arrangements
(K® = max{K(p,1), K(y)} increasing in 7). As for the case where ud > 1,
the only meaningful difference is that in a relatively unstable environment
(7 < 4!) the principal finds it too costly to let her agent build a reputation
for trustworthiness, since this would entail a high probability of keeping for
some time an unfit agent, so she deems it preferable to renounce reputation—
building: the optimal length of the arrangement is K* = KV = 1, and in

27 This apparently speculative argument is somehow supported by the following ana-
lytical result. If let HE (7) = =(1 = v*~N)ud be the principal’s expected payoff from his
anf (v) A, ()

Oy 2%

agent’s type in the k" period of his activity, then v < % = > >

ang. . . , . . :
’”8#2(7) > ..., t.e., when vy is “low”, an increase in -y benefits more the first periods

following a replacement.

28 This is somehow the word version of the mathematical result v o> % E

a1y, (1) AIE (v) o1y 4 ()
2% 2% oy




28

each period the principal hires an agent who exactly matches her needs.

RESULT 3.1 also implies that when 3 < 1, there exist 3,7, € (0, 1) such
that the function K (v) is strictly increasing in v for all v € (0,v3) U (74,1)
(and so it cannot be U-shaped). Straightforward numerical simulations sug-
gest that v3 = 7,, so the function K(v) is strictly increasing in 7. Once
again, we write this “conjecture” as a formal result.

ResurT 3.3 If B < 1, dK(v)/dy > 0 for all ~.

For example, FIG. 5 shows the function K () when f is, respectively, 0.20,
0.50 and 0.80 (again, the higher the value of §, the higher the curve).

0 0.2 0.4 0.6 0.8
gamma

FIGURE 5: When 3 < 1, K(7) is strictly increasing in

The following proposition also considers boundary solutions and shows
how K* is affected by a change in v when § < 1.

PROPOSITION 3.4 Let 5 < 1. B ~
(i) If ud < 1, there exists y! € (0,1) such that K(y') = K(p,1), and

P K=K 7€ (0.97)
K= 8 _ - ,
K* = K(v) increasing in vep,1)

(ii) If ud > 1, there exists v € (1—%7 1) such that m(max{K (p, 1), K(v%)}) =
0, and

) KB = max{K (p, 1), K(fy)} increasing in vy v E [’YR7 1)



29

Let us initially consider the case where ud < 1, so that the principal always
deems it optimal to let her agent build a reputation for trustworthiness
(K* = K®). When v is “very low”, it is “very likely” that the agent will
soon fail to meet his principal’s needs; furthermore, when 5 < 1, the cost
for the principal of keeping an unfit agent is high relative to the cost of
building reputation: to have the “right” agent even only for one period is
too important, so K* = K (p,1). As the environment gets more stable, the
“right” agent stays “right” for longer, so the principal pays more attention
to reputation by increasing the length of the arrangement (K% = K(v)
increasing in 7). As for the case where ud > 1, the most important difference
is that in a relatively unstable environment (y < ’yR) the principal finds it
too costly to let her agent build a reputation for trustworthiness, so K* =
KN =1, and in each period the principal hires an agent who exactly matches
her needs.
COR. 1 follows immediately from PROPP. 3.3 and 3.4.

COROLLARY 1 If v > max {l — %ny}, then K* = 1,00 s increasing in
if <1, e, if K (p, 1) — 0 < ud, while it is U-shaped otherwise.

From PROP. 3.1 and COR. 1, we have that while the optimal length of
delegation is decreasing in the variability of the environment when such vari-
ability is interpreted as the size (width) of the change in the environment
(d, for a given u, provided the principal chooses to let her agent build a
reputation for trustworthiness), this need not be true when it is interpreted
as lack of stability (1 — ). Thus, the two alternative measures of variabil-
ity considered in this paper have different effects on the optimal length of
delegation.

4 Discussion

Our model is meant to be a stylized representation of many multi-task del-
egation settings where moral hazard games are played in changing environ-
ments.

In this section, we consider two general sets of applications, but mainly focus
on one specific example for each of them, which we had already referred to in
the introduction: the delegation of monetary policy to independent central
bankers and the delegation of authority to managers within firms. We first
show how these two examples fit the model, then discuss some implications
of our results for those settings and finally provide some evidence based on
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published data that seems to be consistent with the results of our analysis.?’

Our first general set of applications are public officials entrusted with
discretionary power that may be affected by time—inconsistency, such as
elected representatives in the executive branch of government or appointed
members of independent agencies like central banks or antitrust authorities.
A third party, be it a foreign government, an interest group, the private
sector or any other subject interacting with the public administration, has
to decide whether to trust the official. The official needs a sufficiently long
mandate to build a reputation for trustworthiness, but he may become, as
time passes, unsuitable to represent the preferences of his principal, be it
the whole electorate or a branch of the public administration.

To fix ideas, we consider the example of delegation of monetary policy
to an independent central banker. The private sector has to decide whether
to trust (¢) the central banker, i.e. take it for granted that the announced
inflation target will actually be pursued, or not to trust him (n) and ex-
pect an inflation bias; the central banker selects the monetary policy either
to keep inflation close to the target (h) or to accommodate the govern-
ment’s expansionary objectives (a). In the case under consideration, [ and
o represent, respectively, the loss for the private sector in terms of reduced
purchasing power caused by unexpected inflation and the gain for the gov-
ernment (measured by nominal output boost and/or “feel good” effect in
the electoral cycle) when the central banker selects a loose monetary policy;
1 is both the private sector’s and the government’s payoff from low inflation;
v is a measure of stability of the government’s preferences on some other
dimension of the central banker duties, such as the prudential supervision of
credit institutions and the pursuit of stability of the financial system, while
ud is the expected loss of a change of tastes in that respect. Hence, the
variability of the environment in this setting can be interpreted as a way
of modelling the potential effect of the political cycle on the management
of monetary policy. Indeed, the change in the government’s preferences can
be thought as the consequence of a general election or of some other major
change in the political scenario: for instance, a newly elected government
may prefer a less interventionist central banker on mergers and acquisition
in the credit sector.

Our second general set of applications concerns the delegation of author-
ity within firms from owners or higher levels of the hierarchy to managers or
workers. While many responsibilities within an organization entail at least a

29 Most of the evidence refers to central bankers, because sufficiently detailed data on
personal relationships within firms would require a micro-level empirical investigation
that is definitely beyond the scope of the present work.
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certain amount of trust building, the skills required by some complementary
duty may change over time following changes in the operating environment.
As a more specific example, we consider a manager to whom the owner of
a firm delegates both the supervision of the employees and some strategic
decisions on products’ development. The employees have to choose whether
to trust (¢) the manager and work hard, expecting the manager to reward
them with a bonus (h), or to shirk (n), fearing that the manager will not
pay any bonus (a). In the case under consideration, ! represents the cost
of effort for the employee, 1 + [ the value of the (promised) bonus and o
the owner’s gain from benefiting from a high level of effort without paying
any bonus; 7 is a measure of stability of the environment where the firm
operates and ud is the expected loss from a change in product market condi-
tions, which modifies the optimal features required in a product developing
manager (e.g., the launch of new products becomes more profitable than
incremental innovations on old ones).

Two features of our model have interesting implications for the above,
as well as for many other examples of delegation of activities requiring trust
building. First, the cost of building reputation is indivisible and does not
change with the length of the delegation arrangement. This implies that
there is a minimum length for the delegation arrangement that is compatible
with trust being built. Second, the optimal length of delegation increases
as the cost of building reputation gets larger.’® Hence, central bankers’
mandates length should always exceed a threshold; moreover, the more costly
for the private sector are inflation surprises, the longer should be the central
bankers’ mandates. In a similar way, managers’ positions should be more
stable where motivating workers is more difficult.

Some observations on the length of central bankers’s mandates in major
world economies are consistent with our predictions. The statutory provi-
sions for the central banks of the OECD countries establish a term length
of at least 4 years for their leaders, thus providing them with a sufficiently
long horizon for reputation—building. Moreover, during the period between
1960 and the beginning of the present century, the average lengths of cen-
tral bankers’s mandates of the G7 countries were positively correlated with
the average rates of unemployment for the same countries, which we could
interpret as a measure of the cost of building reputation.?! Canada and

30 Quite intuitively, this cost is increasing in I, i.e., the amount of the loss for the third
party when trust is abused; less obviously, it is decreasing in o, i.e., the gain from abusing
trust (the larger such a gain, the stronger the signal of trustworthiness conveyed by the
act of honoring trust, and so the more quickly reputation is built).

31 We think that it is quite reasonable to assume that the larger is the rate of unem-
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Ttaly, which were characterized by comparatively high average unemploy-
ment rates (7.6% and 7.5% respectively), also showed longer average lengths
of terms of their central banker (more than 10 years), compared with an av-
erage of 9 years and 5.9% of unemployment in the U.S, 6.7 years and 4.2% of
unemployment in Germany, 5 years and 2.2% of unemployment in Japan. 3

Our analysis also shows that two different dimensions of the variability of
the environment (the size and the likelihood of potential changes) affect the
optimal stability of delegation arrangements in different ways. First, larger
potential changes in the environment are always associated to less stable
delegation. Hence, we should observe shorter mandates for public officials in
countries where the political spectrum is more widely polarized, and more
stable positions for occupations within firms’ hierarchies where reputation—
building duties are more important than the technical competence. On the
first respect, we have compared the classic measure of political polarization
by Laver and Hunt (1992) 3% with the average length of term of central
bankers in the G7 countries after the World War II: Japan, with a com-
paratively high degree of polarization (5.91), has a relatively short average
length of 5.18 years; at the other extreme of the spectrum, the US have a low
degree of polarization (3.9) and a long average length of term (9.5); finally,
Germany is somewhere in the middle, with a degree of polarization of 4.27
and an average length of 6.71. Some indirect evidence could also be collected
on the stability of jobs by examining data on employee tenure in different
occupations for the U.S. as provided by the Bureau of Labor Statistics. 34
In all the four reported surveys, conducted every two years between 2000
and 2006, within the highest—skilled category of “Management, professional
and related occupations” the median years of tenure for management, where

ployment, the larger is the optimal size of an inflation surprise for the government, but
then the more costly is for the private sector being fooled, and so the larger is the cost of
building reputation for the government.

32 The average rates of unemployment are simple averages over the period 1960-2001 of
the data provided by the Labour Force Survey of the AMECO Dataset by the European
Commission and extracted on September 16, 2007. We based our calculations of the
average length of terms of the heads of the central banks for the corresponding period on
the information provided on the banks’ websites.

33 Among the different dimensions along which polarization of political parties’ atti-
tudes has been measured by Laver and Hunt (1992), we chose to use the issue of “public
ownership of business and industry”, because it seemed to be the one that most appro-
priately reflects differences in opinion about central bankers’ activities. The degree of
polarization we use is calculated as the standard deviation of the distribution of measures
of political parties’ attitude as recorded in surveys among political scientists.

34 U.S. Department of Labor (2006).
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reputation is presumably a crucial asset, were at least 20% higher than those
for professional and related occupations, where the relevance of specific skills
seems more important.35

We also showed that the effect of a change in the likelihood that a struc-
tural break occurs, i.e., in the stability of the environment, is not unequiv-
ocal and gives rise to a non—monotonicity. When stability decreases, ad-
justments to changes become less profitable, but at the same time more
frequently needed: if the issue of reputation building is not overshadowed
by the concern for the fitness of the delegate (ud < K(p,{) — o), the former
effect prevails when the environment is very unstable, while the latter does
in relatively stable settings. On the other hand, when the concern for the
fitness is foremost (ud > K (p,1) — o), the (more intuitive) increasing relation
between stability and length is re—established.

Reputation is crucial for the activity of most public officials, so we expect
their mandates to be long both in countries with very stable and very unsta-
ble political systems. Indeed, in the case of central bankers, the correlation
between the length of mandates for the G7 countries and the stability of
the political systems as measured by the average duration of governments
shows a non-monotonicity.?® Italy and Canada have the longest average
length of mandates for their central bankers (9.8 and 10 years respectively),
but while Italy has the shortest average duration of governments (328 days
in the period 1946-1995), Canada has one of the longest (927 days in the
period 1945-1993); between the two extremes are Japan (with a 5 years av-
erage length of mandates and a 465 days average duration of governments
in the period 1946-1996) and Germany (with a 7.2 years average length of
mandates and a 660 days average duration of governments during the period
1949-1994).

With respect to the stability of the environment, some indirect evidence
could also be collected on employee tenure by examining U.S. data concern-
ing different sectors. 3" The level of aggregation of the data does not allow to
single out different occupations within each sector: jobs where reputation—
building is important are in the same pool with a majority of jobs where this
is not the case. We think that, on the whole, the aggregate data is likely
to represent a situation where the concern for fitness is the driving force

35 The median years of tenure were 5.3 for management vs. 4.4 for professionals in

2000, 5.6 vs. 4.2 in 2002, 6.0 vs. 4.7 in 2004 and 6.0 vs. 5.0 in 2006.

36 Our calculation of the average duration of governments is based on the data provided
by Woldendorp et al. (1998), which do not consider the U.S.. This is the reason why we
also excluded the U.S. from our analysis of correlation.

37 U.S. Department of Labor (2006).
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in determining the length of tenure, so we expect to find a monotonic rela-
tion between stability and length of tenure. The data seem to be consistent
with such an expectation. Indeed, the median years of tenure in 2006 were
higher in sectors that (at least we conjecture) have less variable demand.
For example, the median tenure in manufacturing (5.5) was higher than in
construction (3.0), which in turn exceeded the one in leisure and hospitality
(1.9). At a more disaggregated level, within the trade sector, the median
tenure in wholesale was 4.6 as opposed to 2.8 in retail; within the informa-
tion sector, it was 5.3 in publishing as opposed to 1.9 in motion picture and
sound recording. Finally, at a more aggregated level, the median tenure for
the public sector (6.9) was almost double the one of the private sector (3.6).

5 Conclusion

We have shown that the Kreps—Wilson—Milgrom—Roberts framework for
modelling reputation—building can fruitfully be employed to study the op-
timal length of delegation and to endogenize the benefits of long—term del-
egation arrangements through the recognition of the value of stability for
trust. The optimal delegation will generally be longer the higher is the cost
of building reputation and the lower is the cost of having an unfit agent in
the delegated activity.

As for the effect of the degree of stability of the environment where the
delegated activity is carried out, while one would expect that long delegation
only obtains in very stable environments, our analysis showed that when the
delegate’s specific skills are not crucial, a rise in instability of the environment
may lead to a longer duration in the relationship between principal and
delegate, so we should expect, and not seldom observe, as our title says,
“stable delegation in an unstable environment”.
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Mathematical Appendices
A The sequential equilibrium of the game

PROOF OF RESULT 2.1.

The probability the third party attaches in period k 4+ 1 to the agent being
trustworthy is pg41, which is computed according to Bayes’ rule on the
equilibrium strategy of the agent, assuming that a trustworthy agent always
honors trust:

Pk if pr> 0 and in period k the agent is not given trust
_ D . . .
Pril = P . T if pr> 0 and in period k the agent honors trust
0 if pr= 0 or in period k the agent abuses trust

(A1)

Let us now determine the unique sequential equilibrium of the game 3%,

starting from period K and working backwards.

Pertod K

The expected return for the untrustworthy agent/responder (R) in period
K if he is given the move is

JR(K,pK):hK+(1—hK)O=O—(O—1)hK

which is strictly decreasing in hg. So, in the last period the agent abuses
trust, i.e., hx = 0. The expected return for the third party/proposer (P) is
therefore

Jp (K,pk) =tk (px — (1 —pr)l) =tk (px (1 +1) = 1)

The third party chooses tx that maximizes the above function. Hence, 3°
1 ifpxg > &
tyg = . 17t (A.2)
0 ifpr < 1

38 In fact, in the zero-probability event where p and I are such that p = (ﬁ)k for

some k < K, k € N, there exist multiple equilibria. We will henceforth rule out this case.
39 When px = 1+—l’ the third party is indifferent between its two pure strategies;
we show below that, in this case, if K > 1, the unique sequential equilibrium calls for

tg = =L,
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Pertod K-1.

The continuation payoff in period K for the untrustworthy agent is

o %pr > IL?—Z
VR (K,pK) = OtK lpr = 1—_)_1 (A?))

The third party’s continuation payoff is instead

p —l(1—pK) ifpx > 15 (A4)

VP(KapK):{ 0 iprSl_-H

From EQs. (A.1) and (A.3), the agent’s expected return in periods K — 1
and K if in period K — 1 he is given the move is

PK-1
pr-1+ (L —pr-1)hKk-1

JR (K_lapK—l) :hK,l(lﬂ-VR(K, ))+(1—hK,1)O

which simplifies to

_ PK -1 —(o—
T (K = Lpic-1) = o hac VR, pr-1+(1 —PKfl)th) ( (Al);)

The following two results characterize the equilibrium in periods K — 1 and

K.

l

REsuLT A.1 If pg 1 > o

i equilibrium hg 1 =1 1 =tg = 1.

PRrROOF.

From EQ. (A.1), if in period K — 1 the agent is given trust and he honors
it, pr = pK71+(1pfp;(l,l)hK,l > pr_1 > 1%—1 From EQ. (A.2), tx = 1;
moreover, taking into account EQ. (A.3), from EQ. (A.5), Jp (K — 1,px_1) =
o+hig_1(0o—(0—1)) =0+ hk_1, which is strictly increasing in hy _1; this
proves that, in equilibrium, hx 1 = 1. In period K — 1, both types of agents
honor trust, so the third party chooses to give trust, z.e., tx 1 =1. =

. L R N
REsuLT A.2 Ifpx 1 € (0, IL-H)’ in equilibrium hyx 1 = 1’1“ Iff;Kil

;if in
o—1

=1
pertod K — 1 the agent honors trust, in equilibrium pyx = 1%_1 and tg = %



40

PROOF.

If hg 1 =1, from EQ. (A1), px = pr-1 < 1+H; hence, taking into account
EQ. (A.3), from EQ. (A.5), Jr(K — 1,px 1) = 0 — hg 1 (0 — 1), which is
strictly decreasing in hg 1, so hxg 1 = 1 cannot be optimal.

If hg_1 =0, from EQ. (A.1), the third party attaches a probability px = 1
to a agent who honored trust being trustworthy; hence, taking into account
EQ. (A.3), from EQ. (A.3), Jr(K —1,px_1) = o+ hg_1(0—(0—1)) =
0 + hx 1, which is strictly increasing in hx_1, so hxg_1 = 0 cannot be
optimal.

We have thus proved that, if the untrustworthy agent is given trust, hx 1 €
(0,1), i.e., in period K — 1 he plays a mixed strategy. From EQ. (A.5), the
untrustworthy agent does not choose hx 1 = 1 or hxg 1 = 0 only when

Vr(K, pK—1+(1pj(p;:—l)hK—l) = o — 1, which, according to EQ. (A.3), occurs

when tx = 0;1; but this requires that px = 1+_l; hence, from EQ. (A.1),
1— L
_ =1 px-
hi-1= Ll 1*;1(171 :
+1

Taking into account RESULT A.2, the third party’s expected return in period
K — 1 for the continuation of the game is *°

I+1 I+1
Jp (K = 1pr-1) =t -1(——pr -1 (D) +(1=——pr 1) (=) +(1~tx-1)(0)
which simplifies to

(1+1)2

Jp (K = 1,px 1) =tk 1(———pKr-1—1)

l

40 In period K — 1, the third party gives trust with probability tx 1, and attaches a
probability px—1 + (1 = px_1)txk—1 = HTlpK,l > 0 to the agent honoring trust, so it
earns 1 in period K — 1 and, from RESULT A.2 and EQ. (A.4), 0 in period K. And if the
agent abuses trust, the third party earns —I in period K — 1 and, from EQS. (A.1) and
(A.4), 0in period K. Finally, with probability (1 —tx _1) in period K —1 the third party
does not give trust, thus earning 0 both in period K — 1 and, from EQs. (A.1) and (A.4),
in period K.
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The third party chooses ¢ 1 that maximizes the above function. Hence, *!

0 ifpr 1< (gg)?
b1 = : '
Kt { L ifpgoa > (7)?

The straightforward extension of the solution to earlier periods, together
with EQ. (A.1), gives RESULT. 2.1. ®

PROOF OF PROPOSITION 2.1

Let K(p,1) be the integer part of K(p,1), where K(p,l) € R is the unique
K(p)-1

value that satisfies the equation p = (l_%l) 42

The proof of the proposition works in two steps.

Step 1: Equilibrium in the trust game when K < K (p, 1)

REsULT A.3 If K < K(p,1), in equilibrium t, = 0 for all k =1,2,3,..., K
k

dhy = 2 @D
R T

PRrROOF.

The proof works by induction. Let ¢, = 0, which calls for p; < (H_Ll)K#H'l
(EQ. (2.1)). According to EQ. (2.3), px+1 = px; hence, prr1 < (H_Ll)K’k

and, from EQ. (2.1), tgo1 = 0. So, ty = 0 = tges = 0 for all s €
N. Now, we have to prove that z; = 0, which follows immediately from

. K
EQ. (2.1), since K < K(p,l) implies that p < (H—Ll) . As for hy, let hy =

)K—k

 1-(& . . -
1{”;9k 7(%1*)}% , which calls for either p; € (0 (H_Ll)K k) (EQ. (2.2)) or

pr = 0 (in which case, from EQ. (2.2), hy = 0). According to EQ. (2.3),

41 When px 1 = 0, from EQ. (A.1), px = 0; hence, from EQs. (A.3) and (A.5), Jr(K —
1,0) = o — (0 — 1)hg —1, which is strictly decreasing in hg _1, so hxg 3 = 0. From
EQ. (A4), Vp(K,0) = 0. Hence, Jp(K —1,0) = txg_1(—=1+0)+ (1 —tx_1)(0+ 0),
which is strictly decreasing in tx_1, so txg—1 = 0. Finally, when px_1 = (HLl)Q’ in
period K — 1 the third party is indifferent between giving and not giving trust; if K > 2,
a slightly revised version of the proof of RESULT A.2 demonstrates that, in equilibrium,
tg_1 = =2,

. - k

42 Tt is worth noting that K (p,1) < K (p,1) because of the assumption p = (HLl) for

all k < K, K € N.
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either ppi1 = (HLI)K”“ (

ﬁ)kafl)
+
(L \K—k-1
from EQ. (2.2), hgyq = 72EE (1) (which also holds for px.; = 0),
1—

so that prr1 < ( or prr1 = 0; hence,

T-prt1 (g)K—-*-1

YKk yK—k=s

1,(4
_ Dk [E]
s0 hy T=pe  (mp)"F

_t
— Ry, = B (T for all s € N.

1-pris (14+1)ka7$

. - ()5 . .
Finally, we have to prove that y; = ﬁ%’ which follows imme-
41

. K
diately from EQ. (2.2), since K < K(p,!) implies that p < (L) <

+1
. K-1
(&) - =

Step 2: Equilibrium in the trust game when K > f((p, 1)

RESULT Ad If K > K(p,1), hy =ty =1 forallk=1,2,..., K — K(p,1)

PROOF.

From EQ. (2.3), as long as the agent is given the move and y; =
1 < k, we have pg1 = p. From the definition of IN((p7 l),p> (Ll —

k < K —K(p,1). The RESULT immediately follows from EQs. (2.1) and (2.2).
]

- (LK @-1
REsuLT A5 IfK > K(p,l), in equilibrium b Rppn+1 = T{’—p%
T

1 and tKJ'((p,lH-l = 1. Moreover, if in all previous periods trust was
e 17(l<+l)K7k
1 T (L) K+t
k=K—K(p,1)+2,...,K if in period k — 1 the third party gave trust and
the agent honored it, tx, = 0 otherwise.

< 1. Finally, ty = %=L for all

gwen and honored, hy = -

Proor.
- - K(p,l)-1
From the definition of K(p,!) (with K(p,1) < K(p,1)), p < (l_%l)
and p > (H_LI)R(Z”Z). From EQ. (2.3) and RESULT A.4, P Rpiyer = P-
; K(p,l)-1
From EQ. (2.2), p = Pr-Rpn+1 < (H-_l) — hKJ‘((p,l)+1 =

p k(ﬁ}K(nl)—L
1-p (;)K(p,l)—l
T+1

t

< 1; moreover, from EQ. (2.1), Pr R(piye1 > (H_Ll)f((zﬂ,l) —
K-K(p,l)+1 — L.

. 17(H+1)K7k

The remaining part of the proof works by induction. Let hy = Topr (L)
©OA\THL
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From EQ. (2.3), ifin period k the third party gives trust and the agent honors
it, then ppr1 = ()%, which, taking into account to EQ. (2.1), implies

Hl_l)K k=1 hence, from EQ. (2.2),

=1
that ¢y = DO . Moreover, pri1 < (

hgr1 = 12’;:11 e < 1, which, taking into account that pgi1 =

e LGt
(+ ) 1 1- (_)K k-

the third party does not give trust, from EQ. (2.3) we have prr1 = pg <
(=)

K=k Hence, according to EQ. (2.1), thke1=0. m

k  simplifies to hgr; = Finally, if in period &

L
+

PROP. 2.1 is thus proved. =

PROOF OF RESULT 2.2

Let k be a period when the principal must hire a new agent. For a given
K, the principal observes Hk and chooses an agent §* = H(Hk, K). Given the
assumptions on the distribution function of the desired characteristics, after
a shock, a priori all agents perform equally well. As a consequence, for any
K 0 = Gk, i.e., in period k the principal hires an agent who exactly matches
her needs at that moment.

Let now arbitrarily choose an origin on the circle. The density function is
ﬁ. Once a shock has occurred, the per—period expected loss for the principal
related to her agent’s skills stays constant at

@,’C—O—d ~ S \2
1 . PO 1 | (0 —0%)
2 —2u (0 — 0z)d0y, = 2—u | ————
/Qd“(’“ £)40x du[ 2
Ox
There is, however, a probability v* that, at time k + k, no shock has yet
occurred, so that in that period the principal suffers no loss from continuing
the relationship with the initial agent because the latter has exactly the
characteristic she desires. As a consequence, the per—period expected utility

at time k for the principal related to her agent’s skills when the length of
the delegation arrangement is K periods is

11—4K
K 1—7~

= —ud + ud

MN

ﬂ'F(K) = —ud—l—u
k=0

As for 77 (K), from PROP. 2.1, in the first K — f((p, 1) periods trust is given
and honored; hence, in these periods the principal earns the “cooperation”
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payoff 1. In the “transition” period, the third party gives trust and the agent
starts playing a mixed strategy; this implies that in the last K (p,[) periods
the principal earns an overall payoff of 0. Hence,

As for the properties of 7' (K), from

1 —KyKIny—1++%
w(Z22 10y +7 )
K2

F
K)=
w0 =

7' '(K) < 0 for all K if (and only if) K lny —1 > —WLK for all K.

Let n(K) = _VLK' The line which is tangent to n(K) at K =01is Kln~vy — 1.

Such line lies above the curve, since n(K) is concave. This proves that
Klny—1> _VLK for all K. Hence, n¥'/(K) < 0 for all K.
IFrom

1 K(—24+2K1nvy— K2(1 2 2
WF//(K)_ ud(’y ( + nz{g (n’Y) )+ )

_1_7

7P "(K) > 0 for all K if (and only if) —2 4+ 2K Iny — K?(In~)? > _VLK for
all K. ) .
From v X =1—- Kln~v + (KlQn[v) — (KI;!W) +.n

2

——— = —242KIny— K*(In~)?+2

K3(In~v)3
K

3!

From ZM < 0, we have —2 + 2K Iny — K?(In~v)? > —A%K for all K.
Hence, 7' ""(K) > 0 for all K.
The proof of the other properties of 7 (K) and 77 (K) is trivial. m
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PROOF OF PROPOSITION 2.2
Differentiating EQ. (2.6),

m'(K) = %livud <7K(1—Kln'y) —(1-(1 _V)K(L;_OO

K(p, 1) —
Letting 3 = (p, Cg
u
1 1

ﬁl—ud > 0 for all K, sign(n'(K)) = sign(g(K)). Hence, 7'(K) =0 &
-

9(K)=0._ _
Let now K be such that g(K) = 0. From ¢'(K) = —*K(Inv)? < 0,
whenever K exists, it is unique.
1
From Klim gK)=1-79)p-1ify<1- 7 Klim g(K) > 0. Taking into

account that ¢'(K) < 0 for all K, Klim g(K) > 0= g(K) > 0 for all K.

° and g(K) =51 - Klnvy) + (1 — )8 — 1, from

Hence, K does not exist and, for K > K (p, 1), 7(K) is strictly increasing in
K. As a consequence, the optimal length of the delegation arrangement for
the principal K* is either infinite (K = 00) or one period (K~ = 1). This
calls to compare 7(c0) = Khinoow(K) =1—wud and 7(1) = 0.

1
Finally, if v > 1 — 7 Klim g(K) < 0. From g(0) = (1 — )8 > 0 and the

intermediate value theorem, K always exists. From ¢/(K) < 0 for all K,
g(K) > 0 for all K < K and g(K) < 0 for all K > K. Hence, for K >
]}'(p, 1), 7(K) reaches its maximum at K = K if K > I?(p, l) and at K =
K(p,1) if K < K(p,1) — more concisely, for K > K(p,1), n(K) reaches
its maximum at K = max{K(p,1),K}. As a consequence, the optimal
length K™ of the delegation arrangement for the principal is either K R =
max{K (p,{), K} or K¥ = 1. This calls to compare 7(max{K (p,), K}) and
m(1)=0. m
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B Comparative statics

B.1 Costs and benefits of a stable relationship

PROOF OF PROPOSITION 3.1
The proof of the proposition works in three steps..

Step 1: Existence of K and comparative statics.

RESULT B.1 K eaists if (and only if) 3 <1 it tends to zero as (8 tends

to zero, it is strictly increasing in 8 and tends to infinite as B tends to j.

PRrOOF

For a given 7, PROP. 2.2 also determines the domain of K > 0 as a function
of 3:F ={8|5>0 and5<ﬁ}. For any v € (0,1), § = 0.

Now, we study the behavior of K at the boundaries of its domain. According
to PROP. 2.2, K is the solution to

K1 —Klny)=1-8+~p3 (A.6)

It is easy to see that the LHS of EQ. (A.6) is decreasing in K, tends to one
as K tends to zero and tends to zero as K tends to infinite.

For any v € (0,1), inf§ = 0. As 5 tends to zero, the RHS of EQ. (A.6)
tends to one; in order for also the LHS to tend to one, K must tend to zero.
Hence, K tends to zero as B tends to zero.

For a given v, sup§ = v . As 3 tends to 1 —, the RHS of EQ. (A.6) tends
to zero; in order for also the LHS to tend to zero, K must tend to infinite.

Hence, K tends to infinite as 8 tends to ﬁ

Finally, let us consider a pair (8, K) that satisfies EQ. (A.6). By totally
= a2l >0, m

’ dﬁ KyE(Inv)?2 .

It follows that K is strictly decreasing in ud.

differentiating it

Step 2: Comparative statics on KT,

When K > f((p, 1), from PROP. 2.2 7(K) reaches its maximum at

K(p,1), K if
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K is strictly increasing in 3, so it is strictly decreasing in ud (Step 1). On
the other hand, K (p,!) does not depend on ud. Hence, from EQ. (A.7), it
follows immediately that K’ is non-increasing (henceforth decreasing) in
ud.

Step 3: Comparative statics on K*.

Let us consider the two—stage procedure for finding K*. Let us initially focus
on the case where in the first stage the principal chose to let her agent build
a reputation for trustworthiness by setting K > K(p,!). As ud tends to zero
(and, hence, 3 tends to infinite), K does not exist. Thus, K = co, and
7(K") tends to one. Both m(00) = 1 —wud and 7(max{K, K(p,1)}) (when K
exists) are strictly decreasing in ud and tend to —oo as ud tends to infinite.
Hence, (K %) tends to one as ud tends to zero, it is strictly decreasing in
ud and tends to —oo as ud tends to infinite. Let us consider now the case
where the principal renounced reputation—building and set K < K (p,1). In
this case, 7(K) = 7' (K) reaches its maximum at K = 1; the principal
earns (1) = 0, whatever the value of ud.

The principal solves the first stage by comparing m(K*) and 7(KV) =
7(1) = 0. The proposition follows immediately from Step 2 (K% is de-
creasing in ud) and from the monotonic relationship between m(K*) and
ud, taking into account that 7(K%) > 7(1) = 0 (and, hence, K* = K*) as
ud tends to zero and 7(K %) < (1) = 0 (and, hence, K* = K~ = 1) as ud
tends to infinite. =

PROOF OF PROPOSITION 3.2

From RESULT B.1, K is strictly increasing in 3, so it is also strictly increasing
in ]}'(p, 1) —o. As for K2, from EQ. (A.7), taking into account that ]}'(p, 1)
is non-decreasing (henceforth increasing) in K (p,1) — 0 *3, we have that K
is increasing in K(p,1) — o.

Let us now consider the two—stage procedure for finding K*. If ud < 1,
7(00) > (1) for all K (p,l)—o. Hence, K* = K* > K(p,!) for all K(p,1)—o.
The monotonic relationship between K* and K (p, 1) — o follows immediately
from the monotonic relationship between K and K (p,1) — 0. On the other
hand, if ud > 1, w(co0) < 7(1). As f((p, l) — o tends to infinite (and, hence,

43 When we consider an increase in f((p,l) — o, we allow for either an increase in
K(p,1) for a given o or a decrease in o for a given K(p,l), whereas we do not allow for a
simultaneous change in both K(p,l) and o.
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f3 tends to infinite), K does not exist, so K = co and m(K") < 7(K") =
m(1) = 0. As K(p,1) — o tends to zero ** (and, hence, § tends to zero),
K tends to zero and, hence, K* = max{K, K(p,1)} = K(p,l). Thus, as
K(p,l) — o tends to zero, K* = KV = 1if 7(K(p,l)) <0 and K* = K =
K(p, 1) if 7(K(p,1)) > 0,
7(K %) is decreasing in K (p, 1) —o and 7(K®) < 7(KN) = n(1) as ( l)—
tends to infinite *°. Hence, if 7(K(p,1)) < w(1), K* = KN =1 for all
K(p,1) — o (we henceforth rule out this case), whereas if 7r(f(( ) > n(1)
there exists 1 such that 7(K*%) = 7(1) when K(p7 I)—o =1, n(KT) > m(1)
(and, hence, K* = K*®) when K(p,l) — o < ¢ and TI'(KR) 7(1) (and,
hence, K* = KN =1) whenK(p7l)—0>7/) ]

B.2 Stability of the environment

PROOF OF RESULT 3.1

For a given 3, PROP. 2.2 determines the domain of K > 0 as a function of
v:D :{76(0,1):7>1—%}. For any §>0,D = 0.

We now study the behavior of the function K(7) at the boundaries of its
domain. When 8 > 1, inf ® =1 — % For a given v € (0,1), the LHS of
EQ. (A.6) tends to one as K tends to zero, it is strictly decreasing in K
and tends to zero as K tends to infinite. The right—side limit of the RHS

of EQ. (A.6) when ~ tends to 1 — % is zero. With such a value of ~, the

LHS of EQ. (A.6) also tends to zero only when K tends to infinite. As a

consequence, when 3 > 1, K(v) tends to infinite as v tends to 1 — % On

the other hand, when 3 < 1, v € D for all v € (0, 1); hence, K(v) always
exists and inf® = 0. The right-side limit of 7(/K) as v tends to zero is
1 — ud + 4 (ud — (K(p,1) — 0)), which is strictly decreasing in K for all
B < 1. As a consequence, when 3 < 1, K(7y) tends to zero as 7 tends to zero.
Flnally, for any 3, sup® =1. The left side limit of w(K) as ~y tends to one
is 1 — —(K(p, [) — 0), which is strictly increasing in K, whatever the value

44 Tp our setting, K(p,1) — o tends to zero when either (for a given o) K(p,!) tends to
o or (for a given K(p,1)) o tends to K(p, ).

45 In the zero—probability case where ud = 1, for any finite IM((p7 1) — o the principal can
asymptotically earn (1) by setting K = co. We avoid discussing whether this may also
be the case when f((p,l) — o tends to infinite, and simply assume that when ud = 1 the
principal prefers K =1 to K = oo.
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of 8. As a consequence, for all 3 > 0, K(v) tends to infinite as v tends to
one. H

PROOF OF PROPOSITION 3.3

When K > K(p,1), from PROP. 2.2, 7(K) reaches its maximum at

o ify<1-—4
Kt = . _ L= E (A.8)
max{K(p,0), K(v)} iy >1-1
From RESULT 3.2, when 3 > 1, K (7) is not monotonic in . Moreover, K (p, 1)
does not depend on 7. Hence, from EQ. (A.8), K" is also not monotonic in
~ (more precisely, decreasing in v for v < 4 and increasing in v for v > 7).
Let us consider now the two—stage procedure for finding K*. If ud < 1,
m(00) > m(1) for all v € (0,1). It follows that K* = K* for all 7, so the
non—monotonic relationship between K* and ~ follows immediately from
the non-monotonic relationship between K’ and +. On the other hand,
if ud > 1, m(o0) < w(1). For all v € (0,1 — %], KB = oo, so K* =
K% = 1. Let us consider now v € (1 — %, 1), so K% = max{K(p,1), K(v)}.
According to RESULT 3.1, as v tends to 1 — %, K (7) tends to co (and, hence,
K*® also tends to infinite). Hence, as v tends to 1 — %, 7(K*) tends to

1 —ud < 7(KY) = m(1) = 0. Moreover, as 7 tends to one, 7(K) tends

to 1 — %([N((p,l) — 0), which, taking into account that K = K(v) tends
to infinite as v tends to one, tends to 1 > w(K™) = 7(1) = 0. Hence,
from (i) 7(K?) < n(KY) = 7(1) = 0 as 7 tends to 1 — %, (ii) w(KT)
strictly increasing in 7 and (iii) 7(K®) > 7(K") = m(1) = 0 as v tends
to 1, there exists v* € (1 — %, 1) such that m(K#) = 7(K") = (1) = 0
when v = v®, 7(K®) < 7(KY) = 7(1) = 0 (and, hence, K* = KV =
1) when v € (1 — %,'yR) and m(K?) > 7(KY) = (1) = 0 (and, hence,
K* = KB = max{K(p,1), K(v)}) when v € [y%,1). As a conclusion, K* =
KN =1 for all v € (0,7") and K* = K* = max{K(p,1), K(y)} for all
v € [y%,1). Finally, taking into account that K (p, 1) does not depend on 7,
from RESULT 3.2, we have that if % > 5, K* = K* = max{K(p,1), K(7)}
is increasing in v for all v € [y, 1), while if v < 7, max{K (p,1), K(v)} is
decreasing in «y for all v € [y"*,5) and increasing in v for all v € (7,1). =
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PROOF OF PROPOSITION 3.4

From RESULT 3.3, when 3 < 1, K () is increasing in 7. Moreover, R'(p, 1)
does not depend on . Hence, from EQ. (A.8), K% is also increasing in .

Let us consider now the two-stage procedure for finding K*. If ud < 1,
7(00) > m(KN) =7(1) = 0 for all ¥ € (0,1). It follows that K* = K% for all
v, The monotonic relationship between K* and 7 follows immediately from
the monotonic relationship between K * and 4. On the other hand, if ud > 1,
as 7 tends to zero, K(7) tends to zero; hence, K* = max{K(p,1), K(v)}

tends to K(p,1), and 7(K(p,1)) tends to 1 — ud + f((; l)(ud — (K(p,1) —

0)) < m(K") = m(1) = 0 (when 3 < 1). Moreover, as v tends to one,
m(K) tends to 1 — +(K(p,1) — o), which, taking into account that K =
K (7) tends to infinite as v tends to one, tends to 1 > 7(K") = 7(1) = 0.
Hence, from (i) 7(K%) < n(K") = n(1) as ~ tends to 0, (ii) w(K*) strictly
increasing in 7 and (iii) 7(K*) > 7(KY) = 7(1) = 0 as 7 tends to 1, there
exists 7% € (0,1) such that 7(K*) = n(K") = n(1) = 0 when v = ~%,
7(K®) < 7(KN) = 7(1) (and, hence, K* = K = 1) when € (0,~+%) and
7(K®) > 7(KY) = n(1) = 0 (and, hence, K* = K? = max{f((pJ),f(('y)})
when v € [y#,1). As a conclusion, K* = K =1 for all v € (0,7") and
K* = K = max{K(p,1), K(v)} increasing in ~ for all v € [y",1) m
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