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Abstract

A relevant issue in panel data estimation is heteroskedas-
ticity, which often occurs when the sample size is large and
individual units are of varying size. Furthermore, many of
the available panel data sets are unbalanced in nature,
because of attrition or accretion, and micro-econometric
models applied to panel data are frequently multi-equation
models. This paper considers the general least squares es-
timation of heteroskedastic stratified two-way error com-
ponent model of both single equations and seemingly un-
related regressions (SUR) systems (with cross-equations
restrictions) on unbalanced panel data. The derived het-
eroskedastic estimators improve the estimation efficiency,
with the SUR procedures performing better than the single-
equation procedures.

Keywords: Unbalanced panels; ECM; SUR; Heteroskedas-
ticity.
JEL classification: C13; C23; C33.






1. INTRODUCTION

In applied econometrics, there is an increasing use of panel data,
that Baltagi (2013, page 1) defines as “the pooling of observa-
tions on a cross-section of households, countries, firms, etc. over
several time periods”. The reason for this increasing use is that
panel data sets are more informative, since they often provide
richer and more disaggregated information. Furthermore, they
allow to model individual heterogeneity and to address aggrega-
tion issues. Finally, since they span over several time periods,
they also allow to describe the dynamics of the phenomena under
study.

The error component model (ECM ) is the standard approach
to the estimation of individual and time effects in econometric
single-equation models based on panel data (see Baltagi, 2013,
for a review of the methods). Many of the available data sets are
unbalanced in nature, that is, not all the individuals are observed
over the whole time period. Several and different reasons, such as
attrition or accretion, may produce an incomplete panel data set.
Therefore, standard single-equation ECMs have been extended
to the econometric treatment of unbalanced panel data: Bigrn
(1981) and Baltagi (1985) discussed the single-equation one-way
ECM, Wansbeek and Kapteyn (1989) and Davis (2002) extended
such estimation method to the two and multi-way cases.

Although often discarded in empirical applications, a rele-
vant issue in panel data estimation is heteroskedasticity, which
often occurs when the sample size is large and observations dif-
fer in “size characteristic” (i.e., the level of the variables). Un-
der this perspective, heteroskedasticity arises from the fact that
the degree to which a relationship may explain actual observa-
tions is likely to depend on individual specific characteristics. On
the other hand, the error variance may also systematically vary
across observations of similar size and, in practice, the two differ-



ent sources of heteroskedasticity may be simultaneously present
(see Lejeune, 1996, 2004). This means that heteroskedasticity is
the rule rather than the exception when dealing with individual
data concerning households or firms. Assuming homoskedastic
disturbances when heteroskedasticity is present will still result
in consistent estimates of the regression coefficients, but these
estimates will not be efficient. Also, the standard errors of the
fixed-effect (FE) estimates will be biased and robust standard
errors should be computed in order to correct for the possible
presence of heteroskedasticity.

Several authors have analyzed the problem of heteroskedas-
ticity in balanced panel data, usually considering a single-equation
regression model with one-way disturbances ;; = p; +uj'. Bal-
tagi and Griffin (1988) are concerned with the estimation of a
random-effect (RE) model allowing for heteroskedasticity on the
individual-specific error term Var (u;) = ;. In contrast, Rao et
al. (1981), Magnus (1982), Baltagi (1988), and Wansbeek (1989)
adopt a symmetrically opposite specification allowing for het-
eroskedasticity on the remainder error term Var (u;) = 1;.

As Mazodier and Trognon (1978) pointed out, if the ¢;’s are
unknown, then there is no hope to estimate them from the data:
even if the u;’s were observed, it would be impossible to esti-
mate their variances from only one observation on each individ-
ual disturbance. Therefore, the model proposed by Baltagi and
Griffin (1988) suffers from the incidental parameters problem?

"While all these papers assume constant slope coefficients, Bresson et al.
(2006, 2011) allow variations in parameters across cross-sectional units in or-
der to take into account the between individual heterogeneity. Hence, these
authors derive a hierarchical Bayesian panel data estimator for a random co-
efficient model (RCM ), where heteroskedasticity is modeled following both
the RCMs on panel data proposed by Hsiao and Pesaran (2004) and Chib
(2008) and the general heteroskedastic one-way ECM proposed by Randolph
(1988), who assumes that both the individual-specific term p; and the re-
mainder error term u;; are heteroskedastic.

2Neyman and Scott (1948) study maximum likelihood (ML) estimation of



(see Phillips, 2003; Baltagi, 2013). Furthermore, also the mod-
els allowing for heteroskedasticity on the remainder error term
uj suffer from the incidental parameters problem when the time
dimension of the panel is short.

There are two possible solutions to avoid the incidental pa-
rameters problem (see Baltagi, 2013): either to allow the vari-
ances to change across strata (i.e., stratified ECMs) or, if the
variables that determine heteroskedasticity are known, to spec-
ify parametric variance functions (i.e., adaptive estimation of
heteroskedasticity of unknown form).

Mazodier and Trognon (1978) proposed a stratified two-way
ECM,i.e., g4 = p;+14+uy, on balanced panels in which both the
individual-specific effect u; and time-specific effect 14 variances
are constant within subsets of observations (or strata), but are
allowed to change across strata. More recently, Phillips (2003)
considers a stratified one-way ECM, again on balanced panels,
where the variances of the individual-specific effect u; are allowed
to change not across individuals but across strata, and provides
an expectation-maximization (EM) algorithm to estimate the
model’s parameters.

Li and Stengos (1994) derive an adaptive estimator for the
heteroskedastic one-way FCM using balanced panel data where
heteroskedasticity is placed on the remainder error term, and
hence, Var (ui|x;t) = ¥ (x3) = >. More recently, Roy (2002)
derives a similar adaptive estimator where heteroskedasticity is
placed on the individual-specific term rather than the remainder
disturbance, and hence, Var (u;|X;.) = ¢ (X;.) = ;. Baltagi et al.

models having both structural and incidental parameters: while the struc-
tural parameters can be consistently estimated, the incidental parameters
cannot be consistently estimated. These authors show that the estimation
of the ML model is inconsistent (or partially inconsistent) if the model con-
tains nuisance or incidental parameters which increase in number with the
sample size.

3Throughout the paper, all vectors and matrices are in boldface.



(2005) check the sensitivity of these two adaptive heteroskedastic
estimators to misspecification of the form of heteroskedasticity,
showing that misleading inference may occur when heteroskedas-
ticity is present in both components. Therefore, accounting for
both sources of heteroskedasticity seems to be very important in
empirical work.

Indeed, if heteroskedasticity is due to differences in size char-
acteristic across statistical units (i.e., individuals, households,
firms or countries), then both error components are expected to
be heteroskedastic, and it may be difficult to argue that only
one component of the error term is heteroskedastic but not the
other (see Bresson et al., 2006, 2011). To this end, Randolph
(1988), working on unbalanced panel data, allows for a more
general heteroskedastic single-equation one-way ECM, assuming
that both the individual-specific and remainder error terms are
heteroskedastic, i.e., Var (u;) = ¢; and E (uu’) = diag[i]. Leje-
une (1996, 2004) is concerned with the estimation and specifica-
tion testing of a full heteroskedastic one-way ECM, in the spirit
of Randolph (1988) and Baltagi et al. (2005), and specifies para-
metrically the variance functions. Baltagi et al. (2006), in the
spirit of Randolph (1988) and Lejeune (1996, 2004 ), derive a joint
Lagrange multiplier (LM) test for homoskedasticity against the
alternative of heteroskedasticity both in the individual-specific
term p; and in the remainder error term w;;.

Micro-econometric models applied to panel data are often
multi-equation models. Primal and dual production models are
a common case, when systems of input demands and/or out-
put supply equations have to be estimated; the same is true
for systems of demand equations in consumer analysis. Baltagi
(1980) and Magnus (1982) extended the estimation procedure
of the single-equation model to the case of seemingly unrelated
regressions (SURs) for balanced panels; Bigrn (2004) proposed
a parsimonious technique to estimate one-way SUR systems on



unbalanced panel data; Platoni et al. (2012) extended the proce-
dure suggested by Bigrn (2004) to the two-way case. Although
heteroskedasticity is a frequent and relevant issue also in the
multi-equation models applied to (unbalanced) panel data, to
our knowledge very few papers concerning heteroskedastic SUR
systems have been published. A relevant exception is Verbon
(1980), who derived a LM test for heteroskedasticity in a model
of SUR equations for balanced panels.

In order to fill this gap in the literature, this paper extends
previous results to the estimation of heteroskedastic stratified
two-way ECM, i.e., €4 = u; + 4 + uj, on unbalanced panel
data? in the case of SUR systems (with cross-equations restric-
tions). The individual-specific effect i; and remainder error term
u;¢ variances and covariances are constant within strata, but are
allowed to change across strata. Indeed, the variance and co-
variance estimations in two-way SUR systems are implemented,
starting from the straightforward extension of the heteroskedas-
tic single-equation stratified FCM from the one-way to the two-
way case. Moreover, the estimations are implemented by two
methods: the quadratic unbiased estimation (QUE) procedure
suggested by Wansbeek and Kapteyn (1989) and the within-
between (WB) procedure proposed by Bigrn (2004).

The remainder of the paper proceeds as follows. While Sec-
tion 2 describes the heteroskedastic two-way estimation for single
equations, Section 3 extends the analysis to the corresponding es-
timation for SUR systems. Finally, Section 4 provides simulation
results, Section 5 discusses a possible extension to heteroskedas-
ticity on the time-specific error term, and Section 6 draws some
conclusions.

4The estimation procedures proposed here can definitely be applied also
to balanced panel data.



2. HETEROSKEDASTIC STRATIFIED
SINGLE-EQUATION TWO-WAY ECM

We start by considering an unbalanced panel characterized by a

total of n observations, with N individuals (indexed i = 1,..., N)

observed over T periods (indexed ¢t = 1,...,T). Let T; denote the

number of times the individual 7 is observed and N; the number

of individuals observed in period t. Hence, >, T; = Y, Ny = n.
In the following we consider the regression model:

Yit = XitPB + i + g + uig = X B + €t (1)

where x;; is a 1 X k vector of explanatory variables and 3 a k x 1
vector of parameters, p; is the individual-specific effect, 4 the
time-specific effect, and u;; the remainder error term; in the RE
model g; is the composite error term.

Using the n x N matrix A, and the n x T matrix A,, that
are matrices of indicator variables denoting observations on in-
dividuals and time periods respectively, we can define the N x N
diagonal matrix Ay = A;LAH (diagonal elements correspond to
the T;’s) and the T x T diagonal matrix Ar = A, A, (diagonal
elements correspond to the N;’s), as well as the T' x N matrix of
zeros and ones Ary = A:,A“, indicating the absence or presence
of an individual in a certain time period. Hence, using matrix
notation, we can write:

y=XB+Au+A,v+u=Xp+e¢, (2)

where X is a n x k matrix of explanatory variables.

Let us assume there exists a meaningful stratification of ob-
servations®. Hence, the unbalanced panel can also be character-
ized by A strata (indexed a =1,..., A), with N, the number of

°In empirical work the number of strata is unidentified. Therefore, it is
necessary to use a selection procedure, such as the Akaike (1974) information
criterion, to determine the number of strata.

10



individuals belonging to stratum a (indexed 2, = 1a,..., Na) and
1, the set of individuals belonging to stratum a. Therefore, the
number of observations related to stratum a is n, = > . _; T; =

i€ly 7t
Zg“:ia T;,. Hence, Zle N, = N and ZaAzl Mg = N.

Using the n x A matrix A, of indicator variables denoting
observations on strata, we can define the A x A diagonal matrix
Aq = ALA, (diagonal elements correspond to the 7,’s) and the
A x N matrix of zeros and ones Ay = A;AMAZ_\,l, indicating the
absence or presence of an individual in a certain stratum (notice
that AL A, is a matrix of zeros and T}’s for i € I, or Tj,’s).

As Mazodier and Trognon (1978) and Phillips (2003), we as-
sume the individual-specific error and remainder error variances
are constant within stratum but change across strata. Hence,
heteroskedasticity on the individual-specific disturbance implies
wi ~ (0,¢,), while heteroskedasticity on the remainder error
term implies wu;; ~ (0,g).

2.1. Robust Two-way FE

In the FE model the individual-specific term p; and the time-
specific term v are parameters to be estimated. Therefore, het-
eroskedasticity is placed only on the remainder error u; by as-
suming wu;; ~ (0,1,). The Within (W) transformation® of the

5For a FE model the number of fixed-effect parameters p1, ..., un and
Vi,...,vr increases with the number of individuals N and periods T, re-
spectively. Hence, the conventional asymptotic result cannot be applied: if
N — oo, then estimates of the parameters u1,..., un are necessarily incon-
sistent for a fixed T' (see Wang and Ho, 2010), and if " — oo, then esti-
mates of the parameters v, ..., vr are necessarily inconsistent for a fixed V.
Therefore, when the time dimension of the panel is short, the noise in the
estimation of the incidental parameters p; contaminates the ML estimates
of the structural parameters (see Bester and Hansen, 2016). The literature
proposes some solutions to the incidental parameters problem for some of
the models, usually relying on removing the incidental parameters before
estimations (see Wang and Ho, 2010). One popular approach, widely used

11



two-way ECM is based on the n x n matrix:
Qi =Qa—-Pp=Q4—-QuA,Q A,Qqu, (3)

where Q4 =1, — P4, P4y = A, AG'A), and Q = A, Q4A,, with
Q™ the generalized inverse (see Wansbeek and Kapteyn, 1989;
Davis, 2002). Therefore, the W estimator is:
~W —1
B = (X'QuX) X'Quy. (4)
where the number of explanatory variables, obviously without
the intercept, is k — 1.

Moreover, the following assumptions are made”.

FE.1 Strict exogeneity The set of (k — 1)-T; explanatory variables
for each individual x; )y = (Xi1,Xi2, ..., X7;) is uncorre-
lated with the idiosyncratic error u;; and the set of (k — 1)-
N explanatory variables in each time period x;1) =
(X1¢, X2ty - - -, XN,¢) 18 also uncorrelated with the same id-
iosyncratic error w:

E (uit %, pti, )= E (uat | i) , i, v)
=B (uat [x¢7) i, vt) =0,
with x = (XH, ce ey XITy X213 X2Thy ey XNy e e ,XNTN).

FE.2 Consistency The W estimator in (4) is asymptotically well
behaved, in the sense that the “adjusted” (k — 1) x (k — 1)
outer product matrix X’ Qa)X has the appropriate rank:

rank (X’Q[A]X) =k—1.

in linear models, is to transform the model by the W transformation (i.e.,
yit and the 1 x (k — 1) vector x;; are demeaned), as we have done in deriving
our estimation.

"Details on the assumptions FE.1 and FE.2 can be found in Appendix A
of Platoni et al. (2012).

12



Under assumptions FE.1 and FE.2 the W estimator is con-
sistent and asymptotically normal (see Wooldridge, 2010). But
without assuming homoskedasticity and no serial correlation (i.e.,
the assumption FE.3 in Appendix A of Platoni et al., 2012), the
expression

Var (BW> =62 (X'QuX) ', (5)

with 65 the estimator of J?L, gives an improper variance-covariance
matrix estimator (see Wooldridge, 2010).

To obtain robust standard errors we follow the simple method
suggested by Arellano (1987) for the one-way FCM, and proposed
also by Baltagi (2013). If we stack the observations for each
individual ¢, we can write:

yi = (Er, —E;,D;Q DiEr)y;, (6)
Xz’ = (ETi — ETiDiQfD;ETi) Xi,
where E7, = I, — J T,, with I, an identity matrix of dimension
T, jTi = %, and J7, a matrix of ones of dimension 7;, and D;
is the T; x T matrix obtained from the T x T identity matrix
I by omitting the rows corresponding to periods in which the
individual ¢ is not observed. Therefore, we can compute the

~ ~ T aW . .
T;x1vectore; =y;—X;p and the robust asymptotic variance-

covariance matrix of ﬁW is estimated by:
~ — N -~ -~ p—
var (B") = (X'QiuX) ! > Xie@ X (X'QuaX) Lo

However, since uy ~ (0,1,), it is possible to obtain robust
standard errors also by stacking the observations for each stra-
tum a, as described later in Appendix A.1.

2.2.  GLS Estimation

In the RE model, not only the remainder error wu;, but also
the individual-specific error u; and the time-specific error v; are

13



random variables.
If we assume that the variances of u;, v¢, and u;; are known,
then we can write the general least squares (GLS) estimator for

where the number of explanatory variables is k, as the problem of
minimizing sfitﬂflsit, where Q is the n x n variance-covariance

matrix.
The following assumptions are made®.

o (xo X)Xy, 8)

RE.1.a Strict exogeneity Same definition as assumption FE.1.

RE.1.b and RE.1.c Orthogonality conditions Both p; and v, are
orthogonal to the corresponding sets of explanatory vari-
ables, that is the k - T; explanatory variables for each in-
dividual x;( ) and the k- Ny explanatory variables in each
time period X;(7):

E (:“i ‘Xi(N)) =E(u)=0and E (Vt ‘Xt(T)) =E(n) =0.

RE.2 Rank condition The k x k weighted outer product matrix
X’'Q X has the appropriate rank, ensuring the GLS es-
timator in (8) is consistent:

rank (X'Q7'X) = k.
Assuming homoskedasticity and no serial correlation (i.e., the

assumption RE.3 in Appendix B of Platoni et al., 2012), the
variance-covariance matrix € has the following form:

Q=0 L+, AN, +0p- AN, (9)

8Details on the assumptions RE.1 and RE.2 can be found in Appendix B
of Platoni et al. (2012).

14



and the GLS estimator in (8) is efficient. However, assuming ho-
moskedastic p; and/or u;; when heteroskedasticity is present will
still result in consistent estimates of the regression coefficients,
but these estimates will not be efficient.

With general heteroskedasticity, that is p; ~ (0, p4) and u; ~
(0,4), the matrix € in (9) is modified to:

Q=Y+A,QA, +0, AN, (10)

with the N x N matrix @ = diag [A%N(p], the A x 1 vector
@ = (v1,92,...,04), the n x n matrix ¥ = diag [AuquNll)];
and the A x 1 vector P = (¢1,%9,...,104)".

The ANOVA-type quadratic unbiased estimator of the vari-
ance components based on the W residuals in the homoskedas-
tic case (9) is determined in Wansbeek and Kapteyn (1989) and
Davis (2002). The estimation of the components of the variance-
covariance matrix € in the heteroskedastic case (10) can be ob-
tained modifying the QUE procedure suggested by Wansbeek
and Kapteyn (1989).

The QUE procedure considers the n x 1 residuals e =y —

XBW from the W estimator in (4), where X is a matrix of
dimension n x (k — 1), since it does not include the intercept.
If we assume that the n x k& matrix X in (8) contains a vector
of ones, we have to define the n x 1 consistent centered residuals
f =E,e =e—¢, where E, =1, — J,,, with I,, being an identity
matrix of dimension n, J, = JT", and J,, a matrix of ones of
dimension n (see Wansbeek and Kapteyn, 1989). Moreover, we
have to define also the n, x 1 consistent centered residuals f, =
H,.f, with H, the 1, xn matrix obtained from the identity matrix
I, by omitting the rows referring to observations not related to
stratum a, and the matrix J;, = Jg’aa with J;, a matrix of ones
of dimension 7.

The adapted QUESs for ¥, @, and o2 is obtained by equating:

15



A

Qo) = 'QuH, HaQ[A f— azz:l%z(n) =qn ='Quf,

Gany =EJ5,f0 — an =qn =F'AA AL, (11)
ar =fAA; 1A'f

to their expected values (see Wansbeek and Kapteyn, 1989; Davis,
2002). For more details on the expressions in (11), see Appendix

A2
With the n x n matrix M = I, — X(X'Q)X) ' X'Qjy
(and then by definition e = My = Me and fI’ = E,e€'E,, =
E,MQM'E, ), the expected value of g, is:
E (da(m) = tr (He Q) E.MOM'E,, Qo H,,)
= (0= Na = 7a) 0 = ka0, (12)
where 7, = fiq — Ny — tr(H, Q) Hy,), with Zle To =T —1
ka E_tr[(X/Q[A}X)_lle[A}HgHaQ[A]X], with Zle ka = k—l,

and 1) ~ o2 is obtained by equating g, to its expected value (see

Wansbeek and Kapteyn, 1989; Davis, 2002):
E(gn) =[n—N—(T—1)~(k—=1)]- 0. (13)
Hence, the estimator of 9, is:

3 Qa(n +ka'a—12¢
g = ) T e Tu (14)

ﬁa - Na — Ta
The expected value of g,(y) is
E(¢a(n)) = tr (J5, H.E,MQOM'E,, H')

+(ﬁa_2')‘ua)'¢a+%&'>‘u'¢+(Na_Q')‘ua‘f'ﬁ*a')‘u)‘03’ (15)

n

16



— / / —1x/
where ky, = tr[(X'Qa)X) X[ J5, Xo], ko = n XX Q[?L]X) X o

U X (X! X)X 1 U Xa(X'QraiX)~1X"t .
k0a52‘n ( Q[A]n) afa _ 9. ‘fg a 7[1] n,Wlthln
and 15, vectors of ones of dimension n and 7, respectively, A, =
VAN, SN T2 A UALOA H G Y T B

n - » Mia " Pa = n - n Pa =
N, 2
Yimi, T A, = WAAL ST N? A = UALALH G,
n ()OGJ v — n — n 3 Vg — 771 —
;o Ne o . S . N .
Zten#, with J, the set of periods individuals belonging to stra-

tum a are observed, and ¢ = UZ is obtained jointly with o2 by

equating gy and ¢r to their expected values (see Wansbeek and
Kapteyn, 1989; Davis, 2002):

E(qN): (N-l—k]\/ k0—1)~03+(n—)\u)-03+

E(qr) = (T+kak0—1) o2+ (T —N\y) - o2+
( ) 12/7
with ky =  tr[(X'QuX) 'X'A,ANA X] and kp =

tr[(X' Q) X) ' X’A,ArA;, X]. Hence, the estimator of ¢, is:

Qo) = 2 62— (Mo =200, + 220, ) - 62

Pa =

g — 2+ Ay,
— Nafz'% ~1/A)a7(]€1va7]€0a+%'/€0+%>'5'3
+ ( ) - - (17
fla — 2 Ay,

Simpler heteroskedastic schemes (i.e., heteroskedasticity only
on the individual-specific disturbance and on the remainder er-
ror) can be obtained combining results for the general scheme
with those for the homoskedastic case, although when we con-
sider the case of heteroskedasticity only on the individual-specific
disturbance, the expected value of g,y is obtained differently
as:

E (%(N)) :(Na + kN, — ko, + nu ko — %‘1) -03

+(ﬁa_2')‘ua)'¢a+%&'>‘u'@+(Na_Q')‘ua‘f'ﬁ*a')‘u)‘03’ (18)

n

17



and, therefore,

(N)f”—%)\#-&zf(]\Afan-)\,,a+@')\,,)-63
Sba: =

—<Na+kzva—/€0a+%'k‘o—m)'&i
fra — 2 A

+

3. HETEROSKEDASTIC STRATIFIED TWO-WAY SUR
SYSTEMS

When systems of equations have to be estimated, as it is the
case of SUR systems, single-equation estimation techniques are
not appropriate. In order to estimate heteroskedastic two-way
SUR systems we extend the procedure in Bigrn (2004), with
individuals grouped according to the number of times they are
observed.

3.1. Model and Notation

Let ]\~7p denote the number of individuals observed exactly in p pe-
riods, with p =1,...,T. Hence Ep ]\pr = N and Zp (pr -p) =
n. Moreover, let N, , denote the number of individuals belonging
to stratum a and observed in p periods; therefore, Y Ny, = Np
and >, >, Nop = N.

We assume that the T' groups of individuals are ordered such
that the N1 individuals observed once come first, the NQ in-
dividuals observed twice come second, etc. Hence, with C), =
> Nj, being the cumulated number of individuals observed
at most p times, the index sets of the individuals observed ex-
actly p times can be written as I, = {C,—1 + 1,...,C,}. Note
that I; may be considered as a pure cross section and I, with
p > 2, as a pseudo-balanced panel with p observations for each
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individual. This structure allows us to use a number of results
derived for the two-way SUR in the balanced case.

If ky, is the number of regressors for equation m, the total
number of regressors for the system is K = 2%21 kp,. Stacking
the M equations, indexed by m = 1,..., M, for the observation
(i,t) we have:

yVie = Xy + 1 + v +uy = X+ €, (20)

where the M x K matrix of explanatory variables is X;; =
diag[x14¢, - . ., Xarit) and the K x 1 vector of parameters is B =
(6/17 L) B/]W)/ and where W = (,U’li7 s ),U’Mi)/v Vi = (V1t7 R VMt)
and wi = (uist, - .., upie)’. If we do not have cross-equation re-
strictions, we can assume E(wmgt|X1it, X2it, - - ., Xarie) = 0, and
then E(Ymat|X1it, X2its - - -, X0it) = E(Ymit|Xmit) = XmitB,- On
the contrary, if we have cross-equation restrictions”’, we can only
assume E(ui|x;¢) = 0, where x;; = (X1i¢, X2it, - - -, X1t )-

With heteroskedasticity on both the individual-specific dis-
turbance and the remainder error, we assume for ¢ € I,:

/
’

0. 1=1
E (Mmhﬂji/) = { g mj Z # i/7
o2 t=t
E (th, Vjt’) = { Ol/mJ . 7& t/ (21)
. .. _ wam» i=14i andt =1t
E (umltau]z/t/) = { 0 J i and/or t # "

Let us consider the NM x 1 vector p = (uj,...,uy)’, the
TM x 1 vector v = (v},...,V/}), and the nM x 1 vector u =
(ujq, ujg, ..., Wyg,, Uy, .., Wyp, ). Since the M x1 vectors u;; ~

9As Bigrn (2004) suggests, with cross-equations restrictions we can rede-
fine B as the complete K x 1 coefficient vector (without duplication) and
the M x K regression matrix as X = (X141, Xb4t, - - -, Xasie)', where the k*
element of the 1 x k,, vector xmi+ either contains the observation on the
variable in the m®" equation which corresponds to the k™ coefficient in B or
is zero if the k*" coefficient does not occur in the m'* equation.
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(0,Zy,), the M x 1 vectors p; ~ (0,X,,), and the TM x 1
vector v ~ (0,Z,), with the M x M matrices Zy, = [tba,,,],
Lo, = [Pan,], and I, = [Ugmj], we can assume that the ex-
pected values of the vectors u;;, u;, and v; are zero and their
covariance matrices are equal to X, X, , and X,. It follows
that E[a,;ta;,t,] = 61-1-12% + 6 Xy + 5”:5“/}:%, with §;7 = 1 for
1 =1 and &,y =0 for i # 4, 04y = 1 for t = t' and &y = 0 for
tA£t.

As in Bigrn (2004), let us consider the pM x 1 vector of
independent variables y;(,y = (¥i;,---,¥j,)’s the pM x K matrix
of explanatory variables X,y = (X}, ..., X]))’, and the pM x 1
vector of composite error terms &) = (&y, ..., €;,) fori € I,. If
we define the pM x T'M matrix A;(,, indicating in which period
t the individual ¢ of the group p is observed, and if we consider
the T'M x 1 vector v, for the individual i € I, we can define the
pM X 1 vector v, = Ay, v and write the model:

Yip) = Xip)B + (tp @ 1) + Vi) + Wip) = Xi(p) B + €i(p), (22)

where 1, is a p x 1 vector of ones (see Platoni et al., 2012).

The pM x pM heteroskedastic variance-covariance matrix of
the pM x 1 composite error terms &;(, ) for the individual ¢ €
I, p, with I, = faﬂfp the set of individuals belonging to stratum
a and observed in p periods, is given by:

Qiap) =Ep® (Zy, + L)+ T, @ (Zy, + Z,+p-Zy,),  (23)

where I, is an identity matrix of dimension p, J, a matrix of
ones of dimension p, E, =1, — jp, and J p= J?p. Since E, and
J, are symmetric, idempotent, and have orthogonal columns,
the inverse of the variance-covariance matrix of the individual ¢
belonging to stratum a and to group p is:

Qi =Ep® (Zy, +2) 7 +T,0 (Zy, + 5, +p-E,,) 7 (24)
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This specification nests simpler heteroskedastic schemes as well
as the homoskedastic case by replacing X, with X, and/or Z,
with X,,.

If we assume that £, , X, and £, are known, then in the
heteroskedastic case we can write the GLS estimator for the K x 1
vector of parameters 3 as the problem of minimizing;:

Z Z Z z(ap Q;(;p) €i(a,p) (25)

p= la= 116[«1 ,P

If we apply GLS on the observations for the individuals observed
p times we obtain:

-1
G
(Z > Xz(ap) z( )Xi(ayp)>

a=1li€l,,p

A
Z Z Xg(a,p)Qi_(i,p)yi(avP)’ (26)

a=1i€l, ,
while the full GLS estimator is:

~ GLS

T A . -
2 2 2 Xiap) Riap) Xiar)
p=la=li€ly p (a.p)

T
Z Z Z X'L(ap) z(a,p)yi(a@)’ (27)

p=la= 17.6]

where X ) is the pM X K matrix of explanatory variables
related to individual i € I .

3.2. Estimation of the Covariance Matrices

The next step is to find an appropriate technique to estimate the
components of the variance-covariance matrices of the two-way
SUR system X, L,,, and X,. This can be achieved adopting
either the QUE procedure suggested by Wansbeek and Kapteyn
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(1989) for the homoskedastic single-equation case or the within-
between (WB) procedure suggested by Bigrn (2004) for the ho-
moskedastic one-way SUR system. In the following sub-sections
we modify both procedures making them suitable for the het-
eroskedastic two-way SUR system.

The QUE Procedure

The QUE procedure considers the n x 1 residuals e,, = y;m —
Xmﬁx from the W estimator in (4) for the equation m =
1,..., M, where X,,, is a matrix of dimension n X (k,, —1). If
we assume that the n x k,,, matrix X,,, contains a vector of ones,
then we have to define the n x 1 consistent centered residuals
£, =E, e, = e, — é, (see Wansbeek and Kapteyn, 1989).

With heteroskedasticity, we can obtain the adapted QUFEs
for ¥,,;, @y, and agmj by equating:

Qamy, . = EQHH.Quufn

A
- 21Qa(n)m7- =dlnp; = fJI‘Q[A]fma
= :

mj

_ " oy
da(N),,; = f(/L]'Jﬁufam — azz:lqa(N)m]_ =qN,,; = f],AHAX[ A;Lfm,

ar,, =HANALS,,

to their expected values (see Wansbeek and Kapteyn, 1989; Davis,
2002). The expressions in (28) can be further detailed as already
done in (A.3) for the expressions in (11).

With the nxn matrix M,,, = In—Xm(X;nQ[A]Xm)*lX'mQ[A]
(and then by definition e,, = M,,y,, = M,,¢&,, and fmf]( =
Eneme;-En = EanQij;-En), the expected value of g,

1S:

n) mj

B (gumy,,, ) = tr (FaQua/BaMin QM E, QL

= (ﬁa — Ny — Ta) : %mj - (kam + kaj - kamj) ' 1/_}mj> (29)
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where ko, = tr[(X], Qa1 Xm) X, Qa1 X; (X)QaX;) X

Q[A}H;HaQ[A]Xm]a with 2;4:1 kamj = kij and kp; = tr[(X5,
Qa1 Xom) X, Qua X (X Qa1 X)) ™ X Qua X, and Yy = 07
is obtained by equating g,,,; to its expected value (see Platoni
et al., 2012):

E (Qnmj) =n-N—-(T-1)—(kp—1) - (kj -1+ kmj]
o (30)

Um j

Hence, the estimator of v, is

A+ (Kay, + Koy — ka,,;) - 52

qa(n) Umj ) (31)

wamj = = N

flg — Nog — Ta

The expected value of gq(),,, 1s:

E(da(yy,,,) = tr (jﬁaHaEanQij;EnH;)

= (kNumj — kOamj + % - ko,,; + %) .@mj

(0 =2 M) Gay + (N =20, +20) 02 (32)
where ko, = tr[(X], Qa1 Xm) X, Qa1 X, (X;Qa X)X
QA HLH,Q(a Xo], with Y01 ko, = ki and Ky = tr[(X;n
Qa1 X)X, Qua X (X Qa1 X)) T X QuayXin], and v = 07
is obtained by equating gp,,; to its expected value (see Platoni

et al., 2012):

E (quj) = (N + kN kOTﬂJ 1) 0'73

+(n—A ) ops TN =)0y
Blar,,) = (T+kn, — by —1) -0} (33)
(T =Xy)-op  +(=N) -0

with ky,,, = tr[(X;.Q[A]Xj)—1X3.Q[A]Xm(X;nQ[A]Xm)—lxgﬂAu
ANA;AXJ'] and kTm]. = tr[(X;Q[A}X])*1X;Q[A]Xm(X;nQ[A]
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X)X, A ArA,X;]. Hence, the estimator of ¢, ; is:

Umj

qa(N)mj_%.)\“-é—ZTnj_(Na_2.)\l’a+’%l.)"/).é—2

@amj =

fra — 2 A,
~ (Na=2-2) 4,
* flag — 2+ Ay,
fra — 2 A, ‘

As in the single-equation case, simpler heteroskedastic scheme
(i.e., heteroskedasticity only on the individual-specific distur-
bance and on the remainder error) can be obtained combining
results for the general scheme with those for the homoskedastic
case, although when we consider the case of heteroskedasticity
only on the individual-specific disturbance the expected value of
da(N),,; is obtained differently as:

E (qa(N)mj) :(ﬁa -2 )\.Ua) *Pag,; + % ’ AH * Pmyj
+(No=2h, + 200, 02
+ (Na + kN, —

and, therefore,

qa(N)mj - % ’ )\“’ ’ &ZMJ B (Na -2 )\Va + % ’ )\V) ' é—l%mj

Pam; = Ng — 2 - )\/La
+7 (Na + kNamj o koamj + % - Ko,,; — %) . &3mj (36)
Mg — 2+ Ay

The WB Procedure

With heteroskedastic two-way systems of equations, the M x M
matrices of within individuals, between individuals, and between
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times (co)variations in the &’s of the M equations are the follow-
ing:

A A T
= - \/
W. =3 W, =53 > > (e — & —€s4)(&it — & — €4) ,
a=1 a=1iefat=l
c A C A = I
By =XB, =X >TiE -¥§E. —¥), (37)
a=1 a:1i€fa
T =z s =\ (s 1
Bl => N (s:—%) (¢t —%),
t=1
3 = ZTi Emit =
where for each equation m we have &,; = %, Emt =
N, N T; N _
Ziztl Emit = _ icidariemit o 2oie1 (TiEma:) = _
=5 and &, = = = - or &, =
ZT: Z]\g Emit ZT: (Nt'c:m»t)
t=124i=1 — 2ut=1

n n
Because the u;’s, the p,’s, and the v;’s are independent, from

the equations in (37) we can write:
E(Wg,) =E(W,,),
E(BY)=E(BY)+E(BY), (38)
E (B = £ (B! +E(BT)

where the within individuals (co)variation is:

Wu,= > Z (Wi — Ty — Tg) (g — Ty — ﬁ»t)/

i€l t=
Z Zultult ZTU, a, — Z Zﬁ i (39)
iel, = iel, iel,t=

the between individuals (co)variations are:

B/(fa = YT —B) (-0 = X Tww - Z T;pp,

c icl, , iel, icly, (40)
B, =2 Ti(w -u)(w -0y = Y Tiww - ) Tad,
icl, iel, icl,
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and the between times (co)variations, as in the homoskedastic
case, are:

T
B;_Z; = ZNt (Vt — 'T’) (Vt — {/)I = ZNtVt'VQ — n\_ﬁ/’,
(41)
Bl = Y N, (i — 1) (s — a) = Y, N;aa, — nad,
t=1 t=1
T; ) Ny ) N T; )
where Ty, = A4t g,y = Zastimit g = Jum Jam Uit
N = T Ny ) T o
Zi:l(z;l Umi-) or ﬂm — Zt:l Zyzzl Umit — thl(]r\bft um»t), ﬂm _
N . ] T .
s Tottms) 414, = 2=t Nevmt) (400 Bigrn, 2004; Platoni
et al., 2012).

Since for i € I, we have E(eiely) = diwZy, + 0wZ, +
5”'/5“/211,&, where E(uitu;,t,) = 51'1'/5“/2%1, E(piug,) = 6ii/}:@a,

and E(vVv},) = 6, Z,, it follows that E(@;.}) = Zj*fl_” ,E(a.d,) =

Zie]t Ty ~ iw ~ Zu

Nz ~ N RS with I; the set of individuals observed in
t
. _ N (TyEy, £ __ N (T2-Z,,
period ¢, E(au’) = W =t %, E(pp’) = %
N 2 _ N 2 T 2
— 721';; L DIPR Zi;; 1 -Z,, and E(WV') = Zt;g N -X,. Hence,
the M x M matrices
LI
WECL + Z Z Ny u
- iEfatzl
ZT,/)a - N ~ ’ (42)
a Na

- A T;
with 3001 > iei, Dot N% =T, and

2 icl, J icl,
5, = ¢ ST & (43)

iel,

- N2 . AN .
R YU T A

would be unbiased estimators of X, and X, if the &’s were
known. Both the estimators of X, and £, and the estimator of
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X, are derived as in the homoskedastic case:

c_
5 W. s _BE-(N-

N
-23
P (44)

D) , and
2

that would be unbiased estimators of X, X, and X, if the ¢’s
were known (see Bigrn, 2004; Platoni et al., 2012).

Again, simpler heteroskedastic scheme (i.e., heteroskedastic-
ity only on the individual-specific disturbance and on the re-
mainder error) can be obtained combining results for the general
scheme with those for the homoskedastic case, although when
we consider the case of heteroskedasticity only on the individual-
specific disturbance the estimator is:

N T2 ~ . ~
B+ L.y g, - (Na—27;>~zu
icl,  J=1

Soa: ZE ’

iel,

M

that would be an unbiased estimator of X, if the &’s were
known'?.

As Bigrn (2004) suggested, in empirical applications consis-
tent residuals can replace €’s in (37) to obtain consistent esti-
mates of X, X, and X,. Since the QUE procedure is based
on the W residuals, for coherence also in the WB procedure we

~W
consider the M x 1 residuals e;; = y;+ — X from the W
estimator in (4) for the individual i in period t, where X is

10 Alternative computations of the estimators (42), (43), and (45) are pro-
vided in Appendix A.3.
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a matrix of dimension M x (K — M). As above, if we assume
that the M x K matrix X;; in (20) always contains M vectors of
ones (a vector of ones for each equation m), then we have to de-
fine the M x 1 consistent centered residuals f;; = e;; — €, where

Em = valziT remit _ Di 12’ LEmit — Therefore, the M x M
matrices of Wlthln 1nd1v1duals between individuals, and between
times (co)variations in the f’s of the different M equations are
the following:

A A T o
Wi :lef“ ZZZ(zt—f —f) (f — £ — £4),

1ZEI t=1
Bf =3B =3 SN[ -DE-T, (46)
zEI

B? —ZNt( +— 1) (Et—?)/,

where for each equation m we have f,; = Ziy ot 1f mit - fp =

Ny ) _ N T; )
Zi:]\l[tfmzt, and fm — Ez‘:lz:ntzlfmzt — ZZ:I(ZL—‘ fmz) or fm —

T Nt . T f
> Z;Z:lfmzt _ Zt:l(i\f fmt)  Given that:

E(Wy,) = (ﬁa—Na)-Zwa sz zy,

261 ted;
E(Bf)= LT-Z,-x% z Lo+ NIy,
iel, T icla  J= (47)
_ Z # . Z¢’
i€lq

E(BT) - <n—ZT:ZYfQ>~Zu+(T—1)'Z¢,

t=1

with }_:1/, ~ X, and ip ~ X,, we can conclude that the es-
timators in (42) and (43), with Wy, instead of W,, and nga

instead of BEC; respectively, are consistent estimators of X, and
X ... As mentioned above, both the consistent estimators of X,
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and X, and the consistent estimator of X, are derived as in
the homoskedastic case (see Bigrn, 2004; Platoni et al., 2012).
Finally, with heteroskedasticity only on the individual-specific
disturbance, we have that:

N T2 _
E(Bz) = ZT,—-Z%— Z% ZTJ'Zsa
i€ly i€l, J=1 (48)
+ Na_ Z % 'Zuv
i€l

and therefore the estimator in (45), with B% instead of BE , is
a consistent estimator of X, 1.

4. MONTE CARLO EXPERIMENT

In order to analyze the performances of the proposed techniques,
we develop a simple simulation'? on a three-equation system
(M = 3). We assume an unbalanced panel with a large num-
ber of individuals (N = 4,000) extended over a rather long time
period (T' = 8). This should mimic a real world situation of a
large unbalanced panel for which the two-way SUR system is the
appropriate model. The simulated model is:

y1 =P +Pu-r1 +Pi2- w2 +e1,
y2 = Pa0 +Po1 71 +Por-T2 +Po3-x3 e,
y3 = B30 +B32-x2 +fP33-T3 Hes,

where Bl = (157 67 _3),7 [52 = (107 _37 8’ _2),5 and [53 = (20’ _27 5)/5
implying the cross equations restrictions $19 = (21 and [o3 =

B32.

1 Alternative computations of consistent estimators are provided in Ap-
pendix A.3.

12The simulation has been implemented with the econometric software
TSP version 5.1.
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Moreover, the experiment is implemented by considering as
strata the deciles of the independent variable x5. The homoskedas-
tic time variance-covariance matrix is:

0.7659 -0.0280 -0.2242
X, = 0.7204 0.1068 | ,
0.7207

while the heteroskedastic variances-covariances ¢, ; and 9q,,;
have been generated from the matrices:

;:

o 0.7073 -0.0044 0.6726 -0.0941

0.6928 0.9218

0.8070 -0.0056 0.2433 0.6128 0.0571 0.1554
and ;¢ =

with ¢q,,. = Poni -z3, and g, = @mj -z3_, where Poni and ymj
are elements of the matrices ;eo and ;1/1 respectively and Zg, is
the mean of the independent variable o over the decile/stratum
a.

Finally, the scalars xzy;; are generated according to a modified
version of the scheme introduced by Nerlove (1971) and used,
among others, by Baltagi (1981), Wansbeek and Kapteyn (1989),
and Platoni et al. (2012):

Tpit = 0.1+ 0.5 Tpir—1 + wiit, kK =1,3
Trit = 0.1 -t +2p—1+0.5 - wrye, E=2

with wg;; following the uniform distribution [—%, %] and 0 =
9+ 10 - wggp-

In order to construct the unbalanced panel, we adopt the pro-
cedure currently used for rotating panels, in which we have ap-
proximately the same number of individuals every year: a fixed
percentage of individuals (20% in our case'?) is replaced each
year, but they can re-enter the sample in the following years.

13 Also in Wansbeek and Kapteyn (1989) each period 20% of the households
in the panel is removed randomly.
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Thus, for each group p we have the following number of individ-
uals: Ny = 962, Ny = 769, N3 = 615, Ny = 492, N5 = 394,
Ng = 315, Ny = 252, and Ng = 201 (and then n = 13, 545).

The results of a 1000-run simulation are shown in Table 1
and Table 24,

Table 1 reports average estimates when the homoskedastic
specification is employed; the homoskedastic model is estimated
under several different specifications (the FE one-way and two-
way, the RE one-way GLS and ML, the RE two-way GLS and
ML, the SUR one-way WB, and the SUR two-way WB and
QUE).

In Table 2, simulation results for the heteroskedastic specifi-
cations are reported. We have estimated the six models (the FE
one-way and two-way robust to heteroskedasticity of unknown
form, the RE two-way GLS, both WB and QUE, the SUR two-
way, both WB and QUE) for three different specifications of the
heteroskedastic structure (only on the individual-specific effect
i, only on the remainder error u;, and the true specification
with both the individual-specific and remainder error terms het-
eroskedastic). Average estimates for the true parameters are
overall similar to those obtained with the homoskedastic speci-
fications, with an average bias within 0.07%. As expected, the
SUR procedures perform better than the single-equation proce-
dures in all cases, also in those cases with no relevant differ-
ences between the WB and the QUF estimates. Looking at the
standard errors of the parameter estimates in the RE and SUR
models, it is evident that accounting for heteroskedasticity will
increase efficiency (standard errors in the heteroskedastic mod-
els are largely lower than those in the homoskedastic model).
Finally, the correct specification (i.e., with both the individual-
specific and remainder error terms heteroskedastic) is the most

4 A5 in Baltagi and Griffin (1988) and Phillips (2003), negative variance
estimates are replaced by zero.
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Table 1
Simulation results: means of the estimated parameters and average
variances of the error components - homoscedastic case

RE RE RE RE SUR SUR SUR

True FE FE  one-way one-way two-way two-way one-way two-way two-way

value one-way two-way (GLS) (ML) (GLS) (ML) WB WB QUE

Bro 15 14.9991 14.9991 14.9933 14.9934 15.0038 15.0039 15.0039
(0.1021) (0.1022) (0.3130) (0.2955) (0.0832) (0.0840) (0.0832)

B 6 5.9988 59996 5.9989 59989  5.9997 5.9997 5.9990  5.9990  5.9990
(0.0237) (0.0228) (0.0210) (0.0210) (0.0204) (0.0204) (0.0207) (0.0209) (0.0207)

B2 -3 -3.0029 -2.9991 -3.0004 -3.0004 -2.9989 -2.9989 -3.0019 -3.0020 -3.0020
(0.0476) (0.0492) (0.0273) (0.0273) (0.0275) (0.0275) (0.0174) (0.0176) (0.0174)

Uf‘“ 11.0511 7.8453 7.8334 7.9299 79129 7.9521 8.0087  7.9299
o, -0.0767 -0.0690 -0.0695 -0.0674
Uzm 3.3318 2.3914  2.3709  2.3932
o2, 0.7659 0.7417  0.6502 0.7440  0.7417
o2, -0.0280 -0.0276  -0.0276
o2, -0.2242 -0.2360 -0.2367
03“ 8.3917 6.7497 6.0254 6.7497 6.7532 6.0254 6.0235 6.7483 6.2082  6.0254
o2, 0.7819 0.5344  0.5532  0.5601
05” 2.1280 1.2914  1.4696  1.5254
Bao 10 10.0023 10.0024 9.9851  9.9851  9.9993  9.9991  9.9992
(0.1020) (0.1020) (0.3066) (0.2896) (0.1001) (0.1010) (0.1001)

Ba1 -3 -3.0028 -3.0013 -3.0023 -3.0022 -3.0009 -3.0009 -3.0019 -3.0020 -3.0020
(0.0353) (0.0338) (0.0274) (0.0274) (0.0265) (0.0265) (0.0174) (0.0176) (0.0174)

Baz 8 7.9897 8.0013 7.9971 7.9971 8.0010 8.0010 7.9974 7.9974 7.9974
(0.0496) (0.0516) (0.0269) (0.0269) (0.0271) (0.0271) (0.0269) (0.0271) (0.0269)

Bas -2 -2.0008 -1.9992 -2.0021 -2.0021 -2.0004 -2.0004 -2.0012 -2.0012 -2.0012
(0.0353) (0.0337) (0.0274) (0.0274) (0.0265) (0.0265) (0.0177) (0.0179) (0.0177)

Uﬁzz 9.6858 6.8528 6.8418 6.9327 6.9175 6.9572 7.0091  6.9327
o7, -0.0603 -0.0515  -0.0456 -0.0550
a;z,n 0.7204 0.7097  0.6227 0.7117  0.7097
o2, 0.1068 0.1032  0.1032
0322 9.2106 7.3063 6.6165 7.3063 7.3090 6.6165 6.6135 7.3040 6.7945 6.6165
o2, -1.2886 -0.8257 -0.9030 -0.9276
B30 20 19.9884 19.9883 19.9903 19.9903 19.9952 19.9950 19.9950
(0.1073) (0.1074) (0.3130) (0.2956) (0.0836) (0.0844) (0.0835)

Bs2 -2 -1.9972 -1.9991 -1.9989 -1.9989 -1.9993 -1.9993 -2.0012 -2.0012 -2.0012
(0.0573) (0.0604) (0.0287) (0.0287) (0.0290) (0.0290) (0.0177) (0.0179) (0.0177)

B3 5 5.0003 5.0000 5.0011 5.0011 5.0007 5.0007 5.0012 5.0012 5.0012
(0.0286) (0.0280) (0.0243) (0.0243) (0.0239) (0.0239) (0.0239) (0.0242) (0.0239)

ok, 94872 6.7199  6.7123  6.8005 6.7920 6.8407 6.8811  6.8005
U;Z,M 0.7207 0.7358  0.6441 0.7378  0.7358
o2, 12,6231 9.7781 9.0651 9.7781 9.7829 9.0651 9.0622 9.7761  9.2494  9.0651

uss

The numbers in round brackets are the average estimated standard errors. The variances of the

estimated parameters are not displayed since they are not significantly different among estimation

techniques.



efficient; also note that, at least in our simulation, consider-
ing heteroskedasticity only on the individual-specific disturbance
does not provide a large gain in efficiency with respect to the ho-
moskedastic specifications.

5. FURTHER EXTENSION: HETEROSKEDASTIC
TIME-SPECIFIC EFFECT

Usually panel data are characterized by many individuals and
relatively few time periods. Therefore heteroskedasticity on the
time-specific error term should not be a frequent issue. However,
the procedure proposed in the previous sections can be easily
extended also to this case.

In this section we assume heteroskedasticity is also on the
time-specific error term; hence, Var(v;) = ¥y and Var(u;;) = ¥i.
If the 9J;’s are unknown, then there is no hope to estimate them
from the data: even if the 14’s were observed, it would be im-
possible to estimate their variances from only one observation on
each time period disturbance (see Mazodier and Trognon, 1978).
Moreover, if the remainder error term w;; is heteroskedastic not
only by the individual dimension, but also by the time dimen-
sion, then it would be impossible to estimate the variances ;’s
from only one observation on each remainder error.

Let us assume there exist meaningful stratifications of obser-
vations both with respect to individuals and with respect to time
periods. Hence, the unbalanced panel can be characterized not
only by A strata of individuals, but also by B strata of time pe-
riods (indexed b = 1,... B), with T} the number of time periods
pertaining to stratum b (indexed £, = 1y,...,T};) and J, the set of

time periods ¢ = 1,..., T pertaining to stratum b. Therefore, the

. . T 3
number of observations related to stratum b is 7y = > fyi, Vi
Hence, S0, Ty = T and S iy = n.

Furthermore, it is possible to identify C' = A x B sub-strata
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Table 2
Simulation results: means of the estimated parameters and average
variances of the error components - heteroskedastic cases

Heteroskedasticity on p;

FE FE RE RE SUR SUR
True one-way two-way two-way two-way two-way two-way

value robust robust WB QUE WB QUE

Bio 15 14.9974 14.9975 15.0015 15.0015
(0.0565) (0.0557) (0.0603) (0.0594)

P11 6 5.9988 5.9996 5.9986 5.9986 5.9989 5.9989
(0.0238) (0.0228) (0.0187) (0.0185) (0.0200) (0.0197)

Bz -3 -3.0029 -2.9991 -2.9994 -2.9994 -3.0019 -3.0019
(0.0479) (0.0494) (0.0147) (0.0145) (0.0160) (0.0158)

% 11.0511 8.0323 7.9643 8.0323 7.9643
@2, -0.0767 -0.0695 -0.0674
@2 3.3318 2.3702 2.3932
0,3” 0.7659 0.7440 0.7417 0.7440 0.7417
Ufli -0.0280 -0.0276 -0.0276
afla -0.2242 -0.2360 -0.2367
ai” 8.3917 6.7497 6.0254 6.2082 6.0254 6.2082 6.0254
aﬁlz 0.7819 0.5532 0.5601
Ui]s 2.1280 1.4696 1.5254
B2o 10 9.9930 9.9929 9.9937 9.9936
(0.0613) (0.0605) (0.0671) (0.0662)

B -3 -3.0028 -3.0013 -3.0013 -3.0013 -3.0019 -3.0019
(0.0354) (0.0337) (0.0229) (0.0227) (0.0160) (0.0158)

Ba2 8 7.9897 8.0013 8.0009 8.0009 7.9981 7.9981
(0.0502) (0.0518) (0.0154) (0.0152) (0.0240) (0.0238)

Ba3 -2 -2.0008 -1.9992 -2.0034 -2.0034 -2.0008 -2.0008
(0.0354) (0.0337) (0.0229) (0.0227) (0.0168) (0.0166)

@3, 9.6858 7.0623 6.9968 7.0623 6.9968
33 -0.0603 -0.0457 -0.0550
0322 0.7204 0.7117 0.7097 0.7117 0.7097
ol 0.1068 0.1032 0.1032
0322 9.2106 7.3063 6.6165 6.7945 6.6165 6.7945 6.6165
afm -1.2886 -0.9030 -0.9276
B0 20 19.9894 19.9894 19.9928 19.9929
(0.0665) (0.0657) (0.0644) (0.0635)

B2 -2 -1.9972 -1.9991 -1.9996 -1.9996 -2.0008 -2.0008
(0.0578) (0.0605) (0.0174) (0.0172) (0.0168) (0.0166)

B33 5 5.0003 5.0000 5.0015 5.0015 5.0012 5.0012
(0.0288) (0.0280) (0.0218) (0.0216) (0.0232) (0.0229)

23 9.4872 6.9988 6.9312 6.9988 6.9312
JEM 0.7207 0.7378 0.7358 0.7378 0.7358
a2 12.6231 9.7781 9.0651 9.2494 9.0651 9.2494 9.0651

uss

The numbers in round brackets are the average estimated standard errors. The variances of the
estimated parameters are not displayed since they are not significantly different among estimation
techniques.
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continued from previous page

Simulation results: means of the estimated parameters and average
variances of the error components - heteroskedastic cases

Heteroskedasticity on w;; Heteroskedasticity on p; and

RE RE SUR SUR RE RE SUR SUR
two-way two-way two-way two-way two-way two-way two-way two-way

WB QUE WB QUE WB QUE WB QUE

Bio 14.9992  14.9991 15.0031  15.0031 14.9990  14.9990  15.0012 15.0011
(0.0405) (0.0392) (0.0746) (0.0734) (0.0397) (0.0384) (0.0561) (0.0545)

B 5.9989 5.9989 5.9993 5.9993 5.9989 5.9989  5.9992 5.9993
(0.0162) (0.0158) (0.0177) (0.0172) (0.0156) (0.0152) (0.0169) (0.0164)

B2 -3.0003  -3.0003 -3.0022  -3.0022 -3.0003  -3.0003  -3.0022 -3.0022
(0.0132) (0.0129) (0.0157) (0.0154) (0.0131) (0.0128) (0.0144) (0.0140)

JZ“ @3 8.0087  7.9299 8.0087  7.9299 8.0114 7.9352  8.0114 7.9352
afm 7% -0.0695  -0.0674 -0.0689 -0.0669
Jﬁ” P25 2.3709 2.3932 2.3716 2.3945
zr,%“ 0.7440  0.7417  0.7440  0.7417 0.7440  0.7417  0.7440 0.7417
{73” -0.0276  -0.0276 -0.0276 -0.0276
(rfn -0.2360  -0.2367 -0.2360 -0.2367
P 6.2033 6.0202 6.2033  6.0202 6.2033  6.0202  6.2033 6.0202
P2y 0.5527  0.5596 0.5527 0.5596
)iy 1.4682 1.5241 1.4682 1.5241
B0 9.9925 9.9924  10.0007  10.0010 9.9924  9.9923  9.9952 9.9952
(0.0434) (0.0422) (0.0881) (0.0868) (0.0426) (0.0414) (0.0612) (0.0592)

Bo21 -3.0019  -3.0019  -3.0022  -3.0022 -3.0018  -3.0018  -3.0022 -3.0022
(0.0197) (0.0192) (0.0157) (0.0154) (0.0189) (0.0184) (0.0144) (0.0140)

Baz 8.0004  8.0003 7.9965 7.9964 8.0003  8.0002 7.9973 7.9972
(0.0137) (0.0134) (0.0251) (0.0248) (0.0136) (0.0133) (0.0223) (0.0219)

Bas -2.0025 -2.0024 -2.0007  -2.0007 -2.0022  -2.0021  -2.0004 -2.0004
(0.0197) (0.0192) (0.0160) (0.0157) (0.0189) (0.0184) (0.0147) (0.0143)

afm: @3, 7.0091 6.9327  7.0091 6.9327 7.0127  6.9384 7.0127 6.9384
afm: P2, -0.0457  -0.0550 -0.0466 -0.0559
17322 0.7117 ~ 0.7097  0.7117  0.7097 0.7117 ~ 0.7097  0.7117 0.7097
5323 0.1032  0.1032 0.1032 0.1032
)3, 6.7890  6.6107  6.7890  6.6107 6.7890  6.6107  6.7890 6.6107
)3y -0.9021  -0.9268 -0.9021 -0.9268
B30 19.9905 19.9905 19.9944  19.9944 19.9906  19.9906  19.9922 19.9921
(0.0461) (0.0449) (0.0742) (0.0730) (0.0450) (0.0438) (0.0571) (0.0554)

Ba2 -1.9996  -1.9996  -2.0007  -2.0007 -1.9996  -1.9996  -2.0004 -2.0004
(0.0153) (0.0150) (0.0160) (0.0157) (0.0152) (0.0149) (0.0147) (0.0143)

Bas 5.0010  5.0010 5.0006 5.0006 5.0010 5.0010  5.0008 5.0009

(0.0185) (0.0181) (0.0201) (0.0197)  (0.0178) (0.0174) (0.0191)  (0.0187)
o2, @3, 68811 68005 6.8811  6.8005 6.8868  6.8084  6.8868 6.8084
a2, 0.7378 07358  0.7378  0.7358 07378 0.7358  0.7378 0.7358

P2y 9.2418  9.0573  9.2418  9.0573 9.2418  9.0573  9.2418 9.0573

The numbers in round brackets are the average estimated standard errors. The variances of the
estimated parameters are not displayed since they are not significantly different among estimation

techniques.



of observations; each sub-stratum is characterized by a total of 7,
observations, with N, individuals (1ndexed T = 1.,.. ., N¢) ob-
served over TC periods (indexed — lc, ... ,T ). Hence, the num-

ber of observations within the sub-stratum c is n, = Z _1C

Using the n x B matrix Ag of indicator variables denoting
observations on strata B, we can define the B x B diagonal matrix
Ap = A%Ag (diagonal elements correspond to the 7;’s) and the
B x T matrix of zeros and ones Agr = A'BA,,A;}, indicating the
absence or presence of a time period in a certain stratum (notice
that AA, is a matrix of zeros and Nj,’s).

Moreover, using the n x C matrix A, of indicator variables
denoting observations on sub-strata C, we can define the C' x C'
diagonal matrix Ao = AfYAA, (diagonal elements correspond to
the n.’s), the C'x N matrix of zeros and ones Acy = A’WAMA]*Vl,
indicating the absence or presence of an individual in a certain
sub-stratum (notice that Al A, is a matrix of zeros and T3,’s),
and the C' x T matrix of zeros and ones Agr = A’WA,,A;I, in-
dicating the absence or presence of a time period in a certain
sub-stratum (notice that ALA, is a matrix of zeros and Ny ’s).

Therefore, variances Var(u;)’s are assumed to be constant
within strata A, i.e., Var(u;) = pq, variances Var(vy)’s are as-
sumed to be constant within strata B, i.e., Var(y) = 0, and
variances Var(u;;)’s are assumed to be constant within sub-strata
C, i.e., Var(ui) = ¥.. Hence, the approach presented in the pre-
vious sections can be easily extended to the case in which the
time-specific effect is also heteroskedastic.

6. CONCLUSION

The use of panel data is becoming very popular in applied econo-
metrics, since large data sets including many individuals ob-
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served for several periods are increasingly accessible and man-
ageable. Most of these data sets are unbalanced panels, since
very often not all the individuals are observed over the whole
time period. In estimating single-equation or system of equa-
tions FCMs on these data, the heteroskedasticity problem may
be very common, especially when individuals differ in size.

In this paper, we have derived suitable FCM estimators for
heteroskedastic two-way single-equation and SUR systems (with
cross-equations restrictions) on unbalanced panel data. Our sim-
ulations show that such estimators substantially improve estima-
tion efficiency as compared to the case where heteroskedasticity
is not taken into account, especially when both the individual-
specific and remainder error components are heteroskedastic.
Among the various estimators used in this analysis, the QUE
procedures and the WB procedures perform equally well (both
in the single-equation and the SUR specifications), resulting in a
similar average bias on the estimates of the variance-covariance
matrices.

APPENDIX

A.1. Alternative Robust Standard Errors

Since wu; ~ (0,1)y), it is possible to obtain robust standard errors
also by stacking the observations for each stratum a, and then
by writing:

1
Ya(A) = [diag[ETia] - (ETiaDia7 e ’ETNa DNQ)

Q (D Exr, ... ,D;%ETNQ)] an

) (A1)
Xa(A) = [diag[ETia] — (ETiaDia’ ce ’ETNa DNa)

!
Q- (D’iaETia, o ,D;vaETNQ)] X, (4.
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Therefore, we can compute the 7, X 1 vector €,4) = Ya(a) —

%
X )[3 and the robust asymptotic variance-covariance matrix

a(A
~ W
of B is estimated by:

Var (ﬁw) :(X/Q[A]X)il f: (iiz(A)Ea(A)E;(A)iG(AO

a=1

(X'QuX) . (A.2)

A.2. Adapted QUFEs in (11)

The expressions in (11) can be further detailed as:

-y, - (Bar-fary o

Qa(n) =
, —
(Aya — AMA;VlA'TN> } [fa — A, N
!/
- <AV(L - AHaANlA/TN) Q (fITAT - fz/v.AérN> )
gm= f f —f Ax fy. — <f_’T Ap — f}V,A'TN>Q
Ixnnx1 1><NN><NN><1 IxTTXT 1xNNXT/ TxT
!
£ Ap — T A )
<}>£’T><T RN NRT (A.3)
N. _ _
Gany= 2 T, - f2. = X Ti- /7
Za—ia lEia
gv= fy An fn. fZT 2= Z ZTia IZ.
1><NN><NN><1 i=1 a= 1Za71a
a=l;ef,

T
— ¢ e _ £2
gr= . Apfpr =3 Ne- ff,
IxTTXTTx1 t=1

_ _ Ty p
where the elements of the N x 1 matrix fy. are f;. = Zt;i;f”, the

— — N, .
elements of the T x 1 matrix f. are f;, = %ﬁflt, A, =HA,,
and A,, = H,A,.
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A.3. Alternative (Consistent) Estimators of Z,,, and X,

Estimators of X, in (42) and X, in (43) and (45) can be cal-
culated by 1dentify1ng the individuals belonging to stratum a
through not the set I but the index 7, = 1a7 e Na:

W5a+ZZNt u

& 1q=1t=
o, = e ) A4
Vo = o, (A.4)
N N A
+Zm-z £, - N,- Z%+Z’a-
3 2q=1 =1 2q=1
ZW(L = 5} 9 (A5)
Z j—‘ia
a=1
N o Ne
T’ba T‘z \ ,T’Lu, 5
Bgz—"_AZ;ln ;T ZH_<NQ_AZ n) u
£, = . . . . (A6)
Z Tia
1q=1

Besides, the expected values of the M x M matrices of within
individuals and between individuals (co)variations in the f’s of
the different M equations can be written by identifying the indi-
viduals belonging to stratum a through not the set I, as in (47)
but the index 7, = 1a, ... ,Na:

BW,) = (e 8.) £, — 5 v 1.5
( fa) Na a Ya AZ ’Nt P>

la=1teJ;,

N, N, N
> S Tig 7 5
E(Bf)= > T, Zs— > 23 5, (A.7)
2a=1 K i=1
a E‘ —_
+N, -Zwa Z na -Zw
2q=1

Therefore, the estimators in (A.4) and (A.5), with W, instead
of W,, and B]q instead of BC respectively, are consistent es-
timators of Xy, and X,. Finally, with heteroskedasticity only
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on the individual-specific disturbance, the expected values of the
M x M matrices of between individuals (co)variations in the f’s
of the different M equations in (48) becomes:

N, N
a a Tia Tiz —
B(BY) =T, L, - X 5 30 L,
lq=1 ia=1 i=1
N
+<Na— > T) E,, (A.8)

Tq=1

and therefore the estimator in (A.6), with B]Cc; instead of B | is
a consistent estimator of X, .
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