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1 Introduction

Multistability, i.e., coexistence of several attractors, is an important issue in
dynamical economic models and arises quite often when the time evolution is
given by the iteration of a nonlinear map. Such situations of coexistence of
attractors have been reported for a wide range of nonlinear economic models in
discrete time (see, among others, [10], [16], [8], [9], [13], [23], [3]).
In dynamical models characterized by multistability the long run outcome

is path-dependent and the choice of the initial condition play a crucial role in
determining the asymptotic behavior of the system. Then, when several attrac-
tors coexist in the phase-space, the structure of their basins of attraction, and
the understanding of its dependence on the parameters of the model becomes
an important tool in order to have an in-depth knowledge of the environment
described by the model. Moreover, a question which arises quite naturally in
the case of dynamical systems with multiple attractors is about the nature of
the phase-space transitions which lead to the appearance of new attractors or
to the disappearance of the existing ones and about the resulting qualitative
changes of the structure of the basins.
To get more insights into these questions one is quite naturally led to per-

form a global analysis of the dynamical system, since the qualitative changes
(including appearance/disappearance) of the attractors, and, mainly, the struc-
tural changes of the basins of attraction of the coexisting attractors may be due
to global1 bifurcations.
The present paper enters in such a framework, analyzing a particular Cournot

duopoly, proposed by Matsumoto and Nonaka in [18]. In the economy here
considered, two �rms are assumed to make production decisions in a strategic
context: Indeed the decision making process depends on the mutual choices of
the two economic agents. Moreover, they interact repeatedly over time and,
due to a lack of information, they adopt a trial-and-error method, so that the
production choices evolve over time following a nonlinear dynamical model. The
reaction functions, i.e. the functions showing how the supply of each �rm de-
pends on that of the competitor, are quadratic functions and this fact, after the
works of Rand, [24], and Poston & Stewart, [21], is known to possibly lead to
complex dynamics.
Several studies on duopoly models having reaction functions of such a type

have been recently proposed in literature, among others we recall [22], [5], [6],
[8]. The main di¤erence between the model here studied and those analyzed in
the cited papers, regards the shape of the reaction functions: The producer of
this model are faced with U -shaped reaction functions, while they have an up-
side down parabola shape in the other papers. The basic economic assumption
leading to U -shaped reaction function is that goods are considered complemen-
tary, and not perfect substitute, as usually it occurs in duopoly theory. Indeed,
the complementarity of the productions implies that the price of a good in-
creases with the quantity of the other one (that is a positive sale externality),

1 I.e. bifurcations that are not associated with the behavior of the linearization of the
dynamical system around its steady states or cycles.
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so that the decisions of each �rm are positively a¤ected by the production of
the competitor.
While in the paper of Matsumoto and Nonaka [18] the emphasis was on

chaotic dynamics, the present paper focalizes on the global dynamic behavior
of the trajectories of the model. Our goal is the analysis of the multistability
situations arising in the model; in particular, we are interested in the structures
of basins of attractions of the coexisting attractors and in the bifurcations (local
and global) causing the appearance/disappearance of attractors and important
qualitative changes in the shape of the basins of attraction.
Being the duopoly model described by a discrete time noninvertible dynam-

ical model (i.e. its time evolution is obtained by the iteration of a many-to-one
map), the investigation of global bifurcations that change the qualitative struc-
ture of the basins is particularly challenging. Indeed in this case the basins may
be a multiply-connected or a disconnected set, often made up by the union of
in�nitely many disjoint portions. In our study we shall make use of the global
analysis techniques introduced in the basic books [14], [20] and [1] of some re-
cent results on basin bifurcations in noninvertible maps appeared in [4], [8] and
[2].
The paper is organized as follows. In the Section 2, we introduce the model,

the time evolution of which is �tted by the iteration of a two-dimensional map
T . The main properties of T are studied in Section 3. In particular T is
a noninvertible map such that the �rst component of T 2 depends only on x
and the second one only on y (square separate property). A feature of the
maps having the square separate property is the multistability, i.e. generally
they exhibit several coexisting attractors, that may be stable periodic cycles or
cyclical chaotic attractors. The analysis of such situation is the aim of Section 4,
where the global asymptotic behavior of T is discussed. In particular we identify
the set of bounded trajectories (feasible set) and, in such a set, we describe the
basins of attraction of the di¤erent attractors. Generally the feasible set is a
connected set, but we shall conclude the section pointing out that in some cases
it may also have a complex structure, because the noninvertibility of the map
T . Section 5 concludes.

2 The model

The model we are interested in has been recently proposed by Matsumoto and
Nonaka, [18], and describes the strategic choices of two �rms producing two
complementary goods.
The economy is given by two monopolistic �rms respectively producing the

quantity x1 in the �rst market and the quantity x2 in the second market. The
goods sold in the two markets are complementary. We assume that

i) in each market, the inverted demand function is given by

pi (xi; xj) = �
2
i � �ixi + (
ixj)

2 (1)
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where �i, �i, 
i (i = 1; 2) are nonnegative parameters.

ii) the cost functions of the �rms are given by

Ci (xi; xj) = cixixj (2)

where ci (i = 1; 2) are nonnegative parameters.

Obviously, the inverse demand functions negatively depend on the quantity
of its own product and this dependence is assumed to be linear in (1). The com-
plementary relationship between the two outputs is �tted by the quadratic term
in (1), whose e¤ect is to introduce in the model a positive sale externality, due
to the fact that the sales of one �rm are positively in�uenced by the production
of the other �rm.
On the supply side, it is assumed, as in [15], that a negative production

externality exists, the production choices of one �rm being in�uenced by the
production level of the other �rm in terms of the cost function. Following [18],
we con�ne the analysis to the simple case in which the production cost linearly
depends on the other �rm�s output, and not only on its own.
It is worth to observe that we are considering a situation involving a double

externality: A positive one via the market demand, measured by the quadratic
term in xj in (1) and a negative production one via the cost function, due to
the dependence on xj of the marginal cost in (2).
As a consequence, we obtain that the pro�t of one �rm depends on its own

output and on that of the competitor as well:

�i =
�
�2i � �ixi + (
ixj)

2
�
xi � cixixj (3)

where i; j = 1; 2 and i 6= j.
Then, each �rm acts in a strategic framework, since, when it is choosing the

production level, it has to take into account the decisions of the opponent. In
particular, the optimal production choice of each �rm is given by

xi = ri (xj) = argmax
xi
�i (xi; xj) i; j = 1; 2 and i 6= j (4)

The functions r1 (x2) and r2 (x1) are called reaction functions or Cournot-Nash
reaction functions, see [12], and are given by

ri (xj) =
�2i � cixj + (
ixj)

2

2�i
(5)

The reaction functions are nonlinear with a parabola shape and crucially de-
pend on the mutual amplitude of the sale and production externalities: Indeed,
if ci � 
i, the curve is quadratically upward sloping, due to the dominance of
the sale externality; whereas, if 
i � ci, the reaction function becomes linearly
downward sloping, due to the dominance of the production externality.
If the two �rms are rational (in the sense that they have full information

on the two markets and on the cost pro�le of the competitor), they choose
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immediately one of the intersection points (if any) of the two reaction functions,
that is, the so-called Cournot equilibrium points. Here we assume the �partial
rationality� of the �rms and this implies that in making their decision, the
producers have to forecast the quantity supplied in the complementary market,
i.e.,

xi = ri

�
x
(e)
j

�
=
�2i � cix

(e)
j +

�

ix

(e)
j

�2
2�i

(6)

where x(e)j is the expected value of xj .
Moreover we assume that the decision process is repeated in time and at each

stage the �rm optimally decides by means of its reaction function (6), assuming
that the expected production in the complementary market is the same as in
the previous one (as Cournot in his pioneeristic work on duopoly model, [11]):

x
(e)
j (t) = xj (t� 1) 8t > 0: (7)

Then the evolution process of the quantities in the two markets is described
by the two-dimensional dynamical system

M :

8>><>>:
x1 (t+ 1) =

�21 � c1x2 (t) + (
1x2 (t))
2

2�1

x2 (t+ 1) =
�22 � c2x2 (t) + (
2x1 (t))

2

2�2

(8)

obtained substituting the expectation mechanism (7) into the reaction function
(6) and considering both the markets.
The mapM in (8) is nonlinear and depends on 8 parameters f�i; �i; 
i; ci : i = 1; 2g.

In order to make simpler the analysis of the dynamical behavior of the trajec-
tories generated by the iteration of M , we follow [18], in which a particular case
of the model (8) is considered, given by the two parameter map

T :

�
x0 = (�y � �+ 1)2

y0 = (�x� 1)2 : (9)

In (9), for the sake of simplicity, we denote by x and y the two quantities and
the symbol "

0
" represents the one-period advancement operator, i.e. if x is the

production level at time t, then x0 denotes the production level at time t + 1.
Comparing the general model (8) with the simpler one (9), it is trivial to obtain
the relationships between the parameters, given by


21 = 2��1, c
2
1 = 4� (�� 1)�1, �21 = 2 (�� 1)

2
�1


22 = 2�2�
2, c2 = 4��2, �

2
2 = 2�2:

Recalling the positivity of the parameters f�i; �i; 
i; ci : i = 1; 2g, we have
to study the map T in the parameter space


 = f(�; �) : � > 1; � > 0g : (10)
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In this way, we extend the analysis of Matsumoto and Nonaka, which re-
stricted the study at the parameter set



0
= f(�; �) : 1 � � � 2, 0 < � � 2g :

When the parameter constellation belongs to the set 

0
, the map T is a

transformation of the set [0; 1]� [0; 1] into itself and any divergent trajectory is
avoided.
Instead, in the set 
 divergent trajectories (and then unfeasible from an

economic point of view) are a possible outcome, but for any value of (�; �) we
shall identify suitable strategic sets F 1 and F 2 for the two �rms, i.e., sets from
which the production choices x and y are taken. They have to be such that,
given an initial condition (x0; y0) 2 F 1 � F 2, a trajectory (also called Cournot
tâtonnement) fxt; ytg = T t (x0; y0), t � 0, where T t is the tth iterate of map
T; remains bounded. The set S = F 1 � F 2 is called set of feasible points (or
feasible trajectories).

3 Properties of the map T

In this Section we study some properties of the Cournot tâtonnement given
by iteration of the map T in (9), which play a role in the study of the global
dynamics. In particular we shall analyze the noninvertibility of the map, an
important property in the investigation of the topological structures of the at-
tracting sets of the map and their basins of attraction. The second property we
present is typical of the maps describing a duopoly model with naive expecta-
tions, as the map T is, and it is related to the second iterate of T , i.e., T � T ,
which results in a de-coupled map. Such a property, that we shall call �square
separate� property, allows to deduce the dynamic properties of T by those of
a one-dimensional map, as proved in [7]. Finally some analytical results about
the �xed points are given, even if they can not be obtained in closed form.

3.1 Noninvertibility

We recall that a map T is noninvertible if given point p
0 2 R2 the point p 2 R2

such that p
0
= T (p), i.e., the rank-1 preimage of p

0
, may not exist or may be not

unique. In other words, a noninvertible map is a correspondence many-to-one,
that is, distinct points of the plane may have the same image and points x exist
that have no preimage or several rank-1 preimages. Geometrically the action
of a noninvertible map can be expressed by saying that it �fold and pleats�
the plane, so that distinct points are mapped into the same point. This is the
same as saying that several inverses are de�ned in some point x 2 R2, and these
inverses �unfold�the plane.
Considering the map T in (9), the rank-1 preimages of a given point (u; v) 2

R2 are the solutions the algebraic system�
u = (�y � �+ 1)2

v = (�x� 1)2
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in the unknown variables x and y. It is simple to obtain that four solutions
exist i¤ u � 0 and v � 0, given by

T�11 :

(
x = 1+

p
v

�

y = ��1+
p
u

�

; T�12 :

(
x = 1�

p
v

�

y = ��1�
p
u

�

; (11)

T�13 :

(
x = 1�

p
v

�

y = ��1+
p
u

�

; T�14 :

(
x = 1+

p
v

�

y = ��1�
p
u

�

:

The noninvertibility of the map T is so stated and the multivalued inverse
relation can be represented as

T�1 = T�11 [ T�12 [ T�13 [ T�14 :

Then, following the terminology introduced in ([20]) and in [14], we can
say that the map T in (9) is a Z4 � Z0 map, which means that in the plane
there is a region of points having four distinct rank-1 preimages and another
one whose points have no preimage. Such regions, or zones, are separated by
the critical line LC (see [14],[20]), i.e. the locus of points having two merging
rank-1 preimages.
From (9), it is easy to obtain that the critical line is given by two distinct

branches, that is LC = LCa [ LCb with

LCa = f(x; y) : x = 0g (12)

LCb = f(x; y) : y = 0g

The locus of the merging preimages of the points belonging to the set LC,
is the rank-0 critical line LC�1, still made up by two branches

LC�1 = LC
a
�1 [ LCb�1 =

�
(x; y) : y = 1� 1

�

�
[
�
(x; y) : x =

1

�

�
(13)

Observe that each branch of LC�1 passes through a minimum points of the
reaction functions.
In alternative, the critical lines can be also obtained from the Jacobian ma-

trix of the map T , LC�1 being the locus of point at which the determinant of
the Jacobian matrix vanishes, and LC = T (LC�1).
Let us verify this assertion. We have

LC�1 � J0 =
�
(x; y) 2 R2 : det JT (x; y) = 0

	
where

JT (x; y) =

�
0 2� (�y � �+ 1)
2� (�x� 1) 0

�
:

Hence

det JT (x; y) = �4�� (�x� 1) (�y � �+ 1) = 0

LCa�1 : y = 1� 1

�
; LCa�1: x =

1

�
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and

LCa = T
�
LCa�1

�
= T

�
x; 1� 1

�

�
= f(x; y) : x = 0g

LCb = T
�
LCb�1

�
= T

�
1

�
; y

�
= f(x; y) : y = 0g

that is, exactly the critical lines LC�1 and LC in (13) and (12), respectively.
Making use of the critical lines, represented in Fig.1a, we may understand

the Riemann foliation of the plane R2 associated with the map T , i.e. the
number of superimposed �sheets� which cover the plane giving reason to the
number of preimages existing in its di¤erent regions. The action of the map
T is to fold twice the plane along the coordinate axis (the critical line LC),
so that the positive quadrant of the plane, R2+, can be considered as made up
of 4 sheets, each one associated with a di¤erent inverse; on the other side the
multivalued inverse relation T�1 in (11) unfolds R2+ along the critical line of
rank-0 LC�1, so that each point of R2+ has four distinct preimages located at
opposite side with respect to LC�1.

aL C

bL C

1
bL C−

1
aL C−

0Z

4Z

bL C

aL C

1
bL C−

1
aL C−

1
bL C

1
aL C

4Z 2Z

1Z

2Z

( a ) ( b )

Figure 1: (a). Riemann foliation of the plane R2 associated with the map T .
(b). Riemann foliation of the half-plane R2+ associated with the restriction of
the map T to the positive half-plane.

Looking at the inverse relation T�1 we can also deduce that R2+, the positive
quadrant of the plane, is an invariant set for the map T , that is T

�
R2+
�
= R2+.

Indeed any point of R2+ has at least a rank-1 preimage, T
�1
1 , belonging to the

positive quadrant of the plane. Then the model we are considering is well-
posed from an economic point of view, since only positive quantities x and y
are meaningful. In the following we shall consider the restriction of map T to
the positive quadrant of the plane. So doing, we have to de�ne the Riemann
foliation of R2+, taking into account the coordinates axes, lower boundary of R2+,
and their images, as observed in [6]. Indeed, given a point (u; v) 2 R2+, some
of its rank-1 preimages may be unfeasible (i.e., may have at least one negative
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coordinate) and, looking at T�1 in (9), it is simple to obtain that this occurs if
u > (�� 1)2 and/or v > 1. Then the two half-lines

LCa1 = f(x; y) : x � 0; y = 1g (14)

LCb1 =
n
(x; y) : x = (�� 1)2 ; y � 0

o
separate region of points having a di¤erent number of preimages and T (re-
stricted to R2+) is a Z4 � Z2 � Z1, as illustrated in Fig.1b. Note that LCa1
and LCb1 are not critical lines in the sense of [14] and [20], because their points
do not have merging preimages. However the essential features of the critical
curves theory apply also to such lines because the crossing through them still
causes the appearance or disappearance of rank-1 preimages. In (14), we use
the symbols LCa1 and LC

b
1 since the half-line are exactly the images of the two

branches of the critical line, as it is simple to verify.

3.2 �Square separate�property

As any map describing a Cournot game in which the �rms have �naive expecta-
tions�, the map T has the �square separate�property, that is the map T 2 (the
second iterate of T ) is a de-coupled map, i.e.,

T 2 (x; y) = T (r1 (y) ; r2 (x)) = (r1 (r2 (x)) ; r2 (r1 (y))) = (F (x) ; G (y)) (15)

The maps having this property have been studied in-depth in [7]: In order
to keep the paper self-contained we repeat here the main results given in such
paper. Further references on this kind of maps are [12], [17] and [4].
The main result is that the dynamic behavior of the map T can be deduced

from the one-dimensional map F (x) (or G (y)) obtained by the composition of
the two reaction functions.
Indeed, there exists a correspondence between the cycles of map F (x) and

the cycles of T . In particular, if x� is a �xed point of F , then (x�; r2 (x�)) is
�xed point of T with eigenvalue �1 = F

0
(x�) and �2 = �F

0
(x�). If x�1 and x

�
2

are �xed points of F (x) then f(x�1; r2 (x�2)) ; (x�2; r2 (x�1))g is cycle of period 2 of
T , with eigenvalue �1 = F

0
(x�1) and �2 = �F

0
(x�2) :We deduce that the map T

has no saddle �xed points, but saddle cycles may emerge, for example when F
has two �xed points, one attracting and one repelling, a saddle cycle of period
2 exists.
Moreover, the number of the cycles of T is not in a one-to-one correspondence

with those of F , but increases very quickly: In any case it is always possible to
obtain the cycles of T starting from the cycles of F and a general rule to do
that is given in [7]. Given the large number of its cycles, it is also immediate to
realize that the multistability, i.e. the coexistence of several distinct attractors,
is a possible outcome of T : In particular, in [7] it is proved that if F has a stable
cycle of period n > 2 then several stable cycles of T also exist.
The local bifurcations of the one-dimensional map F correspond to bifur-

cations of T ; in fact whenever a bifurcation occurs that causes the appearance

9



(disappearance) of cycles of the map T , many cycles of the map T simultane-
ously appear (disappear) at the same parameter values. Such bifurcations of
the two-dimensional map are often of particular type (as analyzed in [17]), due
to the presence of the two eigenvalues that simultaneously cross the unit circle.
A supercritical �ip bifurcation of a �xed point of F , gives rise to two cycles of
period 4 of T , a stable one and a saddle; a fold bifurcation causes the appear-
ance of two �xed points, one stable and one unstable, as well as a saddle cycle
of period 2.
Moreover, when r1 (y) and r2 (x) are noninvertible functions, as in the case

we are considering, the function F is a noninvertible map as well, and the
attractors of F may also be k-pieces chaotic intervals or Cantor sets. Therefore,
the attracting sets of T may have as well a complex structure: Cycles of period
k, k-pieces chaotic rectangles or k-cycles chaotic segments.
As we have seen, the coexistence of several attractors is a peculiarity of the

Cournot map, then the study of the structure of the corresponding basins of
attraction becomes of particular interest in order to anticipate the asymptotic
behavior of the Cournot tâtonnement starting from a given initial condition.
At this aim we recall that a vertical (horizontal) segment is mapped into a
horizontal (vertical) segment by a square separate map and the same holds for
preimages: An example has be given in the previous subsection, where the im-
ages (LC1) and the preimages (LC�1) of the critical line LC have been obtained
(see Fig.1). Consequently, all the absorbing and the chaotic areas of a Cournot
map are rectangles, being bounded by segments of critical lines parallel to the
coordinate axes. Moreover, as saddle cycles always have eigenvectors parallel to
the coordinates axis (see [7]), their unstable and stable sets are made up by the
union of vertical and horizontal segments. Then the basins of attraction of the
di¤erent attracting sets are rectangles, if connected, or have many components
with rectangular shape.
It is worth here to outline two facts: First, the boundaries of absorbing and

chaotic areas of T are given by the forward iterates of the critical line, and the
branches of the critical line are vertical or horizontal segments passing through
the critical values of F ; second, the basins boundaries can be built starting
from the repelling cycles of F: Indeed, since in noninvertible maps many global
bifurcations (also called contact bifurcations) result in a contact between a basin
boundary and a critical curve segment obtained by the iteration of LC, we obtain
that the global bifurcations of the map F correspond to global bifurcations of
map T .
In order to summarize, we can say that all the attractors of two-dimensional

map T; and their local and global bifurcations, can be obtained from the knowl-
edge of the dynamics of the one-dimensional map F (or G). For that reason in
the next sections we shall consider the local and global bifurcations of the map
F de�ned in (15), from which we shall deduce the dynamical behavior of model
(9).
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3.3 Fixed points

From (15) and (9), we obtain that the one-dimensional map F is given by

F (x) = r1 (r2 (x)) =
�
� (�x� 1)2 � �+ 1

�2
(16)

where (�; �) 2 
 given in (10).
F is a fourth degree polynomial, assuming positive values. Its critical points

are two local minimum points cm�1;1 =
1
�

�
1�

q
1� 1

�

�
, cm�1;2 =

1
�

�
1 +

q
1 + 1

�

�
,

with common critical value (in the Julia-Fatou sense) cm = 0 and a local maxi-
mum point cM�1 =

1
� with critical value c

M = (1� �)2. The W -shaped graph of
F in (16) is given in Fig.2, where it is also pointed out that cm1 = F (cm) = 1.
As already observed for the map T , the critical values cM and cm1 separate the
positive half-line R+ in three intervals characterized by a di¤erent number of
preimages: In particular we may obtain a Z1�Z2�Z4 map, as in Fig.2a where
cM < cm1 , or a Z1 � Z3 � Z4 map in the opposite case (see Fig.2b).

( a ) ( b )

*
1p

*
2p

1
Mc−1 ,1

mc− 1 , 2
mc−

mc

Mc
1

1Z

2Z

4Z
*
1p

*
2p

*
1q

*
2q

1
Mc−1 ,1

mc− 1 , 2
mc−

mc

Mc

1

1Z

3Z

4Z

Figure 2: Graph of the one-dimensional map F (x) = r1 (r2 (x)). (a) in the case
cM < cm1 = 1: (b) in the case c

M > cm1 = 1.

Since it is given by the composition of two functions with negative Schwarzian
derivative (the two quadratic reaction functions), F has negative Schwarzian
derivative. Hence the map F can have at most two coexisting attractors, each
with one critical value in its basin of attraction (see [25]).
Being F (x) = x a fourth degree polynomial equation, the map F can have at

most four �xed points. Two �xed points certainly exist: p�1 2
�
0; cm�1;1

�
, since in

such an interval F decreases from 0 to 1 and cm�1;1 < 1, and p
�
2 2

�
cm�1;2;+1

�
.

The existence of this latter follows by the observation that, F
�
cm�1;2

�
= 0 <

cm�1;2 and, being limx!+1
F (x)
x = +1, we obtain that there exist a x1 > 0

such that F (x) > x for any x > x1. Moreover, since the map F is de�nitively
expanding, p�2 has to separate unbounded and bounded (if existing) trajectories.
We can so state the following

11



Proposition 1 Two �xed points of F always exist. The largest one, p�2, is
unstable for any (�; �) 2 
.

From Proposition 1, we obtain that the set F 1�F 2 of bounded trajectories
(feasible trajectories) of the map T in (9) is included in the set X � Y , where

X =
�
(x; y) 2 R2+ : 0 < x < p�2

	
(17)

Y =
�
(x; y) 2 R2+ : 0 < y < r2 (p�2)

	
:

The topological structure of the strategic sets F 1, F 2 of the two �rms depend
on the parameter value, but, as we shall, generally, we have that X � F 1 and
Y � F 2, as in the example of Fig.3 where the reaction functions and the critical
lines are represented as well. The gray area in the Fig.3, denoted by B (1) ;
represents the points which give rise to divergent trajectories; its complementary
set (light gray area) is the sets of point having bounded trajectories (feasible
trajectories), which generally includes one or more attractors at �nite distance.
At the parameter constellation of Fig.3, the Cournot equilibrium point P �1 is
the unique attractor of the map T and its basin of attraction is given by the
light gray points.
In Fig.3, the reaction functions intersect twice, and only two �xed points of

T (and of F ) exist, but as we said above, the existence of four �xed points is a
possible outcome.

Proposition 2 In the parameter set 
 = f(�; �) : � > 1; � > 0g, a fold bifur-
cation of the map F occurs at the crossing of the curve(

� = (3t+4)2

8(t+2)

� = 2(t+2)
t2(3t+4)

(18)

where the parameter t is strictly positive.

Proof. The proof follows by the observation that between the two distinct
solutions of the system8<:

�
� (�x� 1)2 � �+ 1

�2
= x

4�� (�x� 1)
�
(�x� 1)2 � �+ 1

�
= 1

in the variables � and �, (18) is the unique belonging to the parameter set 
.

From Proposition 2 we deduce that, when the curve (18) is crossed, two
further �xed points appear, one unstable, q�1 , and one stable q

�
2 , as in Fig.2b,

located between p�1 and p
�
2. The appearance of these points may create a bista-

bility situation for the map F , and consequently a multistability for T . The
global analysis of these situations will be the object of the next section.

12



1X F≡

*
1P

*
2P

( )*
1B P

( )1r y

( )2r x

1
aL C−

1
bL C−

bL C

aL C

( )B ∞

*
2p

( )*
2 2r p

2

Y

F
≡

Figure 3: The phase-space of T at � = 1:49 and � = 0:2: The Cournot equilib-
rium point P �1 is the unique attractor and the light gray area denotes its basin
of attraction. The gray points give rise to divergent trajectories. The reaction
functions and the strategic sets are represented, as well.

4 Multistability and basins of attraction

As we have seen in the previous Section, multistability is a typical feature of
the map T in (9), due to its �square separate� property. Indeed, analyzing
the dynamical behaviour of the trajectories of the map F , it is simple to verify
that, also in the case in which only two �xed points exist (one stable and one
unstable), a �ip bifurcation of the stable one occurs, causing the appearance of
a stable period 2 cycle. Such a �ip bifurcation is the starting point of the usual
cascade of period doubling bifurcations towards chaos and then there exist some
parameter constellations at which a stable cycle, of period 4 or higher, can be
detected for the map F . Consequently, the map T exhibits the coexistence of
many cycles. For example, in the simpler case, when the map F has a stable
cycle of period 4, two stable cycles of period 8 exist for T . We don�t enter
into the details of the multistability situations associated with a stable cycles of
period larger than 2, of the map F , since many examples can be found in the
duopoly model literature (see, among others, [4], [7] and [8]).
In order to investigate some di¤erent situations of multistability, let us start

from the analysis of the bifurcation diagrams illustrated in Fig.4, in which dif-
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α

β

α

β

( a ) (b )

Figure 4: Bifurcation diagrams of the map F in the (�; �)-parameter plane
obtained with (a) initial condition cM . (b) initial condition cm. The di¤erent
gray tones correspond to di¤erent periods of the cycles, in accordance with the
legenda. The black area denotes unbounded trajectories.

ferent colors correspond to stable cycles of di¤erent period: Such bifurcation
diagram have been obtained considering the long run behavior of the trajecto-
ries generated by the iteration of the map F , as the two parameters � and �
are varied: In Fig.4a the initial condition is the critical point cM (local max-
imum of F ) whereas in Fig.4b the local minimum cm has been considered as
starting point of the trajectories. From Fig.4a, it is possible to appreciate the
fold bifurcation curve, given by the lower frontier of the smaller area in color
1, as well as the period doubling bifurcation cascade occurring twice, starting
either from the �xed points p�1 and q

�
2 . Comparing Fig.4a with Fig.4b, it is also

possible to observe that there exist many parameter constellations at which the
two critical points have a di¤erent limit set, and the major part of them crosses
the fold bifurcation curve. Indeed, as a consequence of the fold bifurcation
two further �xed points appear, one stable, q�2 ; and one unstable, q

�
1 , generally

coexisting with the pre-existing attracting set A of the map: The unstable �xed
point q�1 separates the basins of attraction of q

�
2 and A. Observe that for map

F , it may also happen that no multistability exists after the occurrence of the
fold bifurcation: This occurs because the appearance the repelling �xed point q�1
causes the disappearance of the pre-existing chaotic interval A, since q�1 belong
to the boundary of A.Let us analyze more deeply the multistability situation
due to the occurrence of the fold bifurcation in the simplest case: We consider a
parameter constellations at which there exist two disjoint attracting sets, each
one made up by a �xed point, as in Fig.5.
We obtain such a �gure when � = 4:8 and � = 0:08 and at these parameter

values two disjoint absorbing intervals exist: Im = [cm; cm1 ] and I
M =

�
cM1 ; c

M
�
;

as shown in Fig.5a. This is a su¢ cient condition for the existence of two attrac-
tors, indeed the �xed point p�1 is stable and belongs to I

m, whereas the stable
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�xed point q�2 , appeared at the fold bifurcation, belongs to I
M . In Fig.5b the

basin of attraction of the two stable �xed points are shown, the light gray and
gray points along the diagonal: We can observe that, as explained in Section
3, the bounded trajectories belong to the interval [0; p�2] and the two basins are
disconnected sets, because the noninvertibility of the map F . Indeed, the �xed
point q�1 has three rank-1 preimages, q

�
1 itself and two extra preimages (q

a
1;�1

and qb1;�1) located at the right side with respect to q
�
1 and at opposite side with

respect to cm�1;2. Moreover each one of these preimages gives rise to sequence
of preimages of increasing rank of p�1, accumulating at p

�
2, and this explains the

structure of the basins of attraction. The immediate basin2of p�1 is the interval

*
1p

*
1q

*
2q
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1
mc
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1
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( a ) ( b )

*
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*
2p

*
2q

*
1q

1 , 1
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1 , 1
bq −

*
1P

*
2P

*
1Q

*
2Q1S
2S
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2A

1R

2R

1S

2S

1T

2T

1T

2T

x

y

aL C

bL C

1
bL C−

1
aL C−

1
bL C

1
aL C

1 , 1
r dQ −

1 , 1
r uQ −1 , 1

l uQ −

( c )

Figure 5: � = 4:8 and � = 0:08: (a). Two disjoint absorbing interval exist:
Im = [cm; cm1 ] and I

M =
�
cM1 ; c

M
�
. The stable �xed point p�1 belongs to I

m

while the stable �xed point q�2 belongs to I
M . (b). The basin of attraction of the

two stable �xed points are shown along the line x = y in light gray and gray.
(c). Phase space of the map T . Three attractors coexist: the two �xed points,
P �1 and Q

�
2, and a cycle of period 2 whose periodic points are A1, A2: Their

basins of attraction are represented in di¤erent gray tones and have in�nitely
many rectangular components. The side of the rectangles are made up by the
stable sets of the saddle 2-cycle S and T; the vertices being the preimages of the
repelling �xed point Q�1. Being Q

�
1 2 Z4, the rank-1 ones are Q�1 itself, Qrd1;�1,

Qru1;�1, Q
lu
1;�1 located at opposite side with respect to the two branches of LC�1.
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[0; q�1), whereas that of q
�
2 is bounded by q

�
1 and q

a
1;�1, and the other preimages

of q�1 bound the di¤erent components of the basin; more precisely we obtain
that

B (q�2) =
�
q�1 ; q

a
1;�1

�
[
�
qb1;�1; q

a
1;�2

�
[
�
qb1;�2; q

a
1;�3

�
[ :::

B (p�1) = [0; q�1) [
�
qa1;�1; q

b
1;�2

�
[
�
qa1;�2; q

b
1;�2

�
[ :::

Obviously, the bistability situation and the associated complex structure
of the basins re�ects in the dynamics of the two-dimensional map T , being
complicated by the existence of an attracting cycle period 2, as explained in
Section 3: The corresponding two-dimensional phase-space is shown in Fig.5c.
The attractors of T are the two �xed points, P �1 = (p�1; r2 (p

�
1)) and Q

�
2 =

(q�2 ; r2 (q
�
2)), and a cycleA of period 2 whose periodic points areA1 = (p�1; r2 (q�2))

and A2 = (q�2 ; r2 (p
�
1)). The corresponding basins of attraction are still discon-

nected sets and, as expected, have rectangular components: Their structure may
be explained by means of the coexisting unstable cycles and their preimages of
any rank. Indeed, as shown in Fig.5c, besides the two repelling �xed points, P �2
and Q�1, there also exist a repelling period 2 cycle R and 4 saddle cycles always
of period 2: S, T , bS and bT . The repelling cycle R and the saddle cycles bS
and bT belong to the frontier of the bounded trajectories, made up by the stable
sets of the saddle bS and bT and by the repelling cycles P �2 and R and all their
preimages of any rank.
The stable sets of the two saddle cycles S and T are the separatrices of

the three basins of attraction: In particular, the stable set of S separates the
basins of Q�2 and the cycle A, whereas the trajectories converging to P �1 have
the stable set of T as boundary. It is worth to observe that, being the map T
noninvertible, the stable set of a saddle is not necessarily a manifold (as in the
case of the invertible maps) and in this case is a disconnected set. Moreover,
the vertices of the rectangular components of the basins are the preimages of
any rank of the repelling �xed point Q�1:
We have commented just a particular case, the simplest one, but similar

arguments apply to the more complex multistability situations: We always have
that the basins of the coexisting attractors of the two-dimensional map T are
separated by the stable sets of some saddle cycles and have a rectangular shape
with vertices the preimages of the existing repelling cycles.
Let us now return to the bifurcation diagrams of Fig.4, in order to describe

a quite di¤erent situation.
Indeed, up to now, we have considered multistability situations occurring

when the one-dimensional map F has four �xed points, but comparing Fig.4a
and Fig.4b it emerges that multistability may even occur when F has only two
�xed points (and the two disjoint absorbing intervals do not exist). For example,
the portions of the bifurcation diagrams highlighted by a circle are located below
the fold bifurcation curve and at the corresponding values of the parameters a
stable cycle of period 4 coexists with a stable cycle of period 2. To better

2 i.e., the largest connected component of the basin containing the �xed point.
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investigate the dynamical behavior of F at these parameter constellations we
�x the value of � and consider the bifurcation diagrams obtained at increasing
value of � from 1:3, shown in Fig.6. Observing such a �gure, we deduce that
at � = 1:25 a bistability exists in a quite narrow range of the parameter �
(approximately when � 2 [1:426; 1:575]) and it starts with the coexistence of
two cycle of period 2 (not detectable in Fig.4 since the two cycles have the
same period and both represented in color 2). The bistability is due to a fold
bifurcation (of the map F 2, second iterate of F ) occurring at a certain value of
�, say �f , and causing the appearance of two cycles of period 2, one stable, sayeC, and one unstable, say eR: After the occurrence of the fold bifurcation, the
critical point cm jumps to the �new�cycle eC, while cM still converge to the �old�
one, say C. As the parameter � is increased, the cycle eC undergoes a sequence
of period doubling bifurcations which ends in a two-pieces chaotic attractor.
The bistability persists until the repelling cycle eR, a periodic point of which is
qualitatively represented in Fig.6a (dotted curve), has a contact with the chaotic
interval: This global bifurcation of F causes the sudden disappearance of the
two-pieces chaotic attractor, restoring the convergence of the trajectory starting
from cm to the cycle C.

( a )

( b )

Figure 6: Bifurcation diagrams of the map F at � = 1:25, when � increases.
(a). The initial condition is the critical value cm (minimum value of F ). (b)
The initial condition is the critical value cM (maximum value of F ).
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The corresponding dynamics of the map F and T are represented in Fig.7ab
and Fig.7cd, respectively. In particular, Fig.7a is obtained after the fold bi-
furcation of F 2: The two coexisting cycles are represented together with their
basins of attraction (light gray and gray points along the diagonal). The basins
of attraction are disconnected sets and separated by the repelling cycle eR and
its preimages of any rank, as the graph of the second iterate of F allows to ap-
preciate. Observe that the two basins have in�nitely many components and the
smaller ones are located around the repelling �xed points p�1, and its preimages
of any rank.

( a ) ( b )
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2c

1c
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2 , 1r −
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*
2p

1c
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1r2F
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*
1P

*
2P

( c ) ( d )

Figure 7: (a) � = 1:25 and � = 1:45. The basins of attraction of the two cycles
of period 2, separated by the preimages of any rank of p�1 (b) � = 1:25 and
� = 1:575. Close to the homoclinic bifurcation of the repelling 2 cycle bR: (c)
� = 1:25 and � = 1:45: Phase-space of T : Four coexisting attracting cycles of
period 4 exist. Their basins have the characteristic rectangular structure. (d)
� = 1:25 and � = 1:575: The map T exhibits the multistability between a cycle
of period 4, two 4-pieces chaotic attractors and 4-pieces chaotic intervals.

This situation re�ects in the dynamical behavior of the two-dimensional map,
as shown in Fig.7c. The map T exhibits four coexisting attracting cycle whose
basins have the usual rectangular structure. The rectangular components of the
basins are separated by the stable set of the several saddle cycles existing, as in
the case commented above. It is worth to observe that the existence of in�nitely
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many preimages of the repelling cycles, makes uncertain the long run behavior
of the trajectories starting close to P �1 , where narrow components of any basin
exist.
When � increases from the bifurcation value �f , the cycle eC undergoes a

�rst �ip bifurcation which gives rise to a stable cycle of period 8 and makeseC unstable; at its turn the period 8 cycle becomes unstable and an attracting
cycle of period 16 appears, and so on until all the cycle of even period are
created at ��o. The parameter value �

�
o is a limit point of a decreasing sequence

of homoclinic bifurcation values for the map F 2, each one of them causing the
appearance of cyclical chaotic intervals, made up by a di¤erent even number of
pieces. The last one of these homoclinic bifurcations, occurring at the largest
value of �, regards the cycle eR , born via fold bifurcation together with eC. In
Fig.7b, the bifurcation has not yet occurred but � and � are very close to the
bifurcation values: Looking at the map F 2; we can observe that the point m;
critical value of F 2, is mapped in a point very close to a periodic point, br1, ofeR: At the bifurcation the point br1 merges with F 2 (m), so that the two-pieces
chaotic interval takes up the whole of its immediate basin (and in the range
[br1;m], F 2 behaves like the logistic map f (x) = 4x (1� x) ). Immediately after
the homoclinic bifurcation, the chaotic attractor sudden disappears and the
bistability window is closed, the �old� cycle C remaining the unique attractor
of the map F .
At the same parameter values of Fig.7b, the two-dimensional map T exhibits

a multistability situation between a cycle of period 4, two 4-pieces chaotic attrac-
tor with rectangular components and two 4-pieces chaotic intervals, as shown
in Fig.7d. We understand that a global bifurcation is coming since the bound-
aries of the chaotic areas (or intervals) and of their basins of attraction are very
close each other. At the bifurcation, they simultaneously have a contact and
immediately after the chaotic attractors sudden disappear, leaving the cycle of
period 2 as unique attractor of the map T .
Before to conclude this Section, let us give some further insights about the

structure of the strategic sets, F 1 and F 2, of the �rms, i.e., the sets from which
the production choices x and y are taken in order to obtain feasible (bounded)
trajectories. In the previous Section, we have seen that F 1 � F 2 is a subset
of the X � Y , where the sets X and Y are de�ned in (17). It is simple to
realize that when the repelling �xed point p�2 of the one-dimensional map F (or,
alternatively, P �2 of the two-dimensional map T ) has a unique rank-1 preimage,
p�2 (P

�
2 ) itself, the strategic sets F 1 and F 2 are intervals coinciding with X and

Y , respectively. This is exactly the case of the examples given above, where
the set of bounded trajectories was the connected set X � Y . But when some
further rank-1 preimages of p�2 (or P

�
2 ) emerge, F 1 and F 2 undergo a global

bifurcation which causes a qualitative change in their topological structure and
become proper subsets of X and Y , respectively. Once more this bifurcation is
a contact one, since it occur when p�2 merge with the critical value (maximum
of F ) cM = (�� 1)2 or with the �rst iterate of the critical value cm, i.e., with
cm1 = 1: Moreover, in both cases, given the Riemann foliation of the map F
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shown in Fig.2a, at the bifurcation at least a sequence of preimages of increasing
rank, converging to p�2, appear: This means that a snap-back repeller bifurcation
occurs (see [20], [19]), after which in�nitely many homoclinic orbits of p�2 appear
and chaotic dynamics exist in the set [0; p�2]. As a consequence, the set X, and
Y as well, has a fractal structure since it contains a Cantor set made up by
in�nitely many repelling cycles plus the limit points of such cycles when the
period tends toward in�nity plus the arborescent sequences of preimages of all
these points.
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*
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*
2Q
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y

( a ) ( b )
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2 , 2V−

1 ,1V−

Figure 8: � = 1:7 and � = 2:21:(a) The disconnected basin of attraction of the
�xed point Q�2 with its fractal boundary due to the snap-back repeller bifurcation
of the expanding �xed point P �2 . (b). The interval V is represented together
with some of its preimages. Each one of the rank-2 preimages of V , V�2;1 and
V�2;2, gives rise to an arborescent sequences of preimages, whose construction
is suggested.

An example is shown in Fig.8, where the snap-back repeller bifurcation is
due to the merging of p�2 and c

m
1 = 1, occurring when � = 2. As � increases

from the value 2, the set of the bounded trajectories of the map T sudden has
a complex topological structure, as illustrated in Fig.8a where the set F 1 � F 2

is the basin of attraction of the stable node Q�2. The mechanism which gives
rise to this complex structure is explained in Fig.8b, making use of the one-
dimensional map F . We start from the interval V , whose extrema are 1 and
the rank-1 preimage of p�2 di¤erent from the �xed point itself. The preimages of
any rank of this set V correspond to the "holes" existing in the set X, since the
points in them have unbounded trajectories. We may observe that V has a rank-
1 preimage located in a right neighborhood of the critical value cm = 0. Then
two pairs of preimages of rank-2 exist, each one located at opposite side with
respect to a minimum value and merging in it, i.e., the sets V�2;1 and V�2;2 in
Fig.8b. Both these sets give rise to an arborescent sequence of preimages which
explain the complex structure of the set F 1 and of its companion set F 2.
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5 Conclusion

In this paper a Cournot duopoly model with complementary goods, recently
proposed by Matsumoto and Nonaka in [18], is considered. The map T de-
scribing the model is a two-dimensional noninvertible one and, as usually it
occurs in Cournot maps associated with the naive expectations assumption, has
the �square separate� property, that is the second iterate of T is such that
T 2 (x; y) = (F (x) ; G (y)). This implies that the asymptotic behavior of T can
be obtained by the analysis of the dynamical properties of the one-dimensional
map F (or G). A large economic literature exists on such kind of maps (see,
among others, [24], [12], [22], [17], [6], [8], [23] and references therein) from
which it emerge that the family of maps at which T belongs typically gives rise
to the coexistence of several attractors. Just the multistability, and the global
dynamics associated with, was our concern in the study of the model, so that
no overlapping exists with [18], where the emphasis was on chaotic dynamics.
We have seen that many multistability situations may be detected and as-

sociated with di¤erent reasons.
A �rst cause of multistability is the existence of stable cycle of period n > 2

of the one-dimensional map F : This case has not been dealt in the present
paper, since many analogous situations have been discussed in the papers cited
above.
We have dealt with the multistability situations associated with the partic-

ular shape of F , which is a bimodal map having negative Schwarzian derivative.
The �rst situation we have considered is associated with the existence of four
�xed points of the map F , two of them appearing via fold bifurcation at a cer-
tain bifurcation value. The second one, has been detected when only two �xed
points exist for F , due to a fold bifurcation of the second iterate of F . In both
cases the structure of the basins of attraction of the coexisting attractors of
the map T as been analyzed, as well as their qualitative changes, due to global
bifurcations.
Finally some results are been obtained about the strategic sets of the �rms,

i.e. the sets at which their production decisions must belong: We have seen
that the transition from connected sets into fractal sets may occur through a
snap-back repeller bifurcation of a expanding �xed point of F .
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