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Abstract

We study a game in which two competing sellers supplying experience goods of di¤erent quality can

induce a perspective buyer into a bad purchase through (costly) deceptive advertising. We characterize

the equilibrium set of the game and argue that an important class of these outcomes features pooling

behavior at the pricing stage while requiring low quality sellers to air false claims about their product.

These claims deceive the buyer and induce a bad purchase with positive probability. Although the

low-quality product is purchased with positive probability in these equilibria, the buyer�s (expected)

utility can be higher than in a fully separating equilibrium. This result suggests that, surprisingly,

deceptive practices may actually enhance competition. Finally, we characterize the optimal deterrence

by a regulatory agency that seeks to punish deceptive practices. We show that consumer surplus

maximization requires lower deterrence than social welfare maximization. The analysis is robust to

various extensions.
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1 Introduction

When the quality of an item on sale can be veri�ed before purchase (the so called search goods), �rms�

advertising activities are unlikely to harm consumers insofar as they allow to save on search costs and

induce a better match between tastes and consumption choices � see, e.g., Lewis and Sappington (1994)

and Johnson and Myatt (2006) among others. Very often, however, product quality is not fully veri�able

before consumption � e.g., experience goods. In these cases advertising may have a dark side: low-quality

�rms can use marketing channels to induce consumers into bad purchases.

These practices are known as misleading or deceptive advertising, which is de�ned as any explicit

(or even implicit) statement that has the potential to deceive consumers, meaning that its embedded

claim may not realize after the purchase � see, e.g., Wilson (2000). This potential danger has been well

recognized by antitrust and competition policy authorities all over the world.1 When �rms engage in

deceptive advertising, the civil law principle stating that customers have a �right to know�what they are

purchasing is likely to be violated. Policy makers have also grown wary of potential market distortions

of deceptive practices as they tend to induce unfair competition. As a result, misleading advertising is

generally sanctioned according to country-speci�c regulations designed to protect consumers and foster

competition. Surprisingly, the existing literature has not devoted enough attention to these issues.

The analysis proposed in this paper is a contribution to this debate. The research questions that

we address are the following: Why do �rms engage in deceptive advertising? What are the cost-bene�t

trade-o¤s that shape misleading advertising decisions? When is it more likely that deceptive conducts

emerge in practice? Do these practices really enhance competition? What is their e¤ect on consumers?

To address these issues, we consider a simple game in which two sellers (�rms) compete by setting

prices to attract a representative buyer (consumer). Sellers produce vertically di¤erentiated goods whose

quality is unknown to the buyer before consumption (experience goods) and cannot be assessed with

certainty in courts. Qualities are perfectly negatively correlated � one is high, one is low � and a low-

quality seller may choose to deceive the buyer so as to induce him into a bad purchase. A seller deceives

the buyer if the latter buys from the former a product of low quality that was (falsely) advertised as

a high-quality good. When a seller invests in advertising, she airs a message about the quality of her

product that reaches the buyer with a probability that is increasing with the total amount of the seller�s

expenditures in advertising. These expenditures are not observable by the buyer, but it is commonly

known that advertising is more costly for the low-quality seller.2 The buyer knows that one of the sellers

supplies a low-quality good and uses all the available information to make inference about the quality

of the items on sale, so as to minimize the danger of a bad purchase.

Our equilibrium characterization o¤ers a novel rationale for deceptive advertising in a competitive

setting and delivers relevant policy implications. In particular, we establish conditions under which

low-quality sellers engage in deceptive advertising. We show that, even when the game features multiple

1See, e.g., the US FTC Policy Statement Regarding Advertising Substantiation.
2For example, this re�ects the chances of incurring sanctions of customer protection agencies and/or competition au-

thorities.
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equilibria, deception emerges in many plausible circumstances. Finally, we study how this a¤ects the

buyer�s welfare. Interestingly, the buyer may prefer (pooling) outcomes in which both types of sellers

charge equal prices, engage in advertising and the buyer is deceived with some (endogenous) probability

to (separating) outcomes in which sellers quote di¤erent prices and the buyer purchases the high-quality

item with certainty. In fact, our model highlights a novel tension between transparency and competition:

the buyer may prefer not to learn qualities through prices, but rather get an imperfect signal via the

sellers�advertising even though this may induce a bad purchase.3

We start the analysis by noting that equilibria in which sellers advertise are incompatible with sep-

arating behavior at the pricing stage. In fact, in separating equilibria the information about qualities

is fully revealed by prices and there is no scope for advertising. Thus, deceptive advertising can only

emerge if sellers pool and charge equal prices. The �rst part of the analysis is devoted to characterize

�deceptive�equilibria in which both types of sellers advertise and the buyer is deceived with some prob-

ability. Whenever trade occurs, we show that deception emerges in equilibrium if and only if the quality

di¤erential between high- and low-quality items is large enough and engaging in deceptive advertising

is not too costly. The price that can be sustained in equilibrium is not unique, but varies within a

compact set. By the asymmetry of advertising costs, high-quality sellers always advertise more intensely

than low-quality ones. Such a di¤erence generates an increase in the buyer�s willingness to pay for an

item of uncertain characteristics since advertising becomes an informative signal of quality: we call this

feature �advertising premium�. Further, we show that, the larger the equilibrium price, the higher the

investment in advertising of both sellers. If the advertising technology displays learning-by-doing, the

advertising premium increase with the equilibrium pooling price. This is because the di¤erence between

advertising intensities grows larger, allowing the buyer to make a sharper inference out of the signals he

observes. Interestingly, we show that, if this is the case and the qualities of the items on sale are di¤erent

enough, the buyer may actually prefer (in expectation) not only equilibria with positive deception but

also with relatively high prices � i.e., a price higher than the lowest deceptive equilibrium pooling price.

In addition, we show that, when this result holds, the Pareto e¢ cient equilibrium price of this class of

outcomes exceeds its lowest value.

In the second part of the analysis we study no-deception outcomes of the game � i.e., equilibria that

feature either no advertising at all (separating equilibria) or pooling at the pricing stage with advertising

only by high-quality sellers. First, we �nd that the separating outcome is unique and emerges only when

the quality di¤erential between high- and low-quality items is large enough. In this equilibrium the

high-quality seller serves the buyer at a price that makes him just indi¤erent between buying from her

and purchasing the low-quality item at the competitive price. In fact, revelation of qualities through

prices enables high-quality sellers to exploit a sort of monopoly power vis-à-vis the buyer � i.e., she

3Noteworthy, this prediction is very di¤erent from the �ndings of Heidhues, K½oszegi, and Murooka (2012). Building on
the �add-on�pricing approach proposed by Ellison (2005), they also analyze markets for deceptive products but in a context
with naive consumers. In contrast to them, our deceptive equilibria may be pro-competitive vis-à-vis the corresponding
no deception market outcome: in our model the possibility of deception allows low-quality sellers to stay on the market
alongside high quality ones and this generates a downward pressure on prices.
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can extract from him the entire quality premium. As a result, the buyer may actually prefer to run the

risk of being deceived and gather imperfect information about qualities through ads rather than learning

them perfectly through prices. This is, again, the transparency-competition trade-o¤ mentioned above.

Second, we show that the game always features pooling equilibria in which just the high-quality

seller advertises her product, but her ads reach the buyer only with some probability (so that the

low-quality seller may actually serve the customer in equilibrium).4 Again, a continuum of prices can

be supported in equilibrium, but these are strictly lower than the prices which can be supported in a

deceptive equilibrium.

The analysis suggests two normative conclusions. To discuss them, we introduce a regulatory au-

thority which has the power to determine the additional costs of engaging in deceptive advertising �

e.g., by choosing the amount of e¤ort put into investigating misleading conducts. First, we argue that

an Authority concerned with buyer protection may not support a complete shut down of the pooling

equilibria involving deceptive advertising. The reason is that sellers might then coordinate on the sepa-

rating outcome in which the buyer is worse-o¤, thereby suggesting that deceptive practices may actually

enhance competition. To make this point clear, suppose that consumers prefer the pooling equilibrium

with only truthful advertising to the pooling equilibrium with deceptive advertising, and the latter to

the separating one. We construct an example in which, if the Authority is able to completely discourage

sellers from deceiving the buyer � e.g., by making the cost of false statements excessively high � this

induces sellers to coordinate on the even worst (for the buyer) separating outcome. Intuitively, this

result is likely to occur when the quality di¤erential between the sellers�products is large enough, so

that the monopoly power awarded by the separating equilibrium to the high-quality seller causes to the

buyer a higher loss than the expected damage from a bad purchase in a pooling outcome.

Second, we show that the policy that maximizes the buyer�s expected utility is more lenient than

the policy that maximizes total (expected) welfare � i.e., maximizing the buyer�s expected surplus

requires an expected sanction that is lower than the one that maximizes total welfare. This is because

consumers do not internalize the cost saving e¤ect of a reduction in wasteful advertising. Hence, our

analysis suggests that deterrence against deceptive practices is likely to be stronger when it is delegated

to antitrust authorities (e.g., USA) as opposed to customer protection agencies (e.g., Italy).

The analysis is concluded with two natural extensions of the baseline model. We show that the main

qualitative insights of our contribution do not change if the sellers�types are not perfectly (negatively)

correlated. Then, we characterize an additional class of pooling deceptive equilibria with �market break

down�. In these equilibria both sellers post a price that induces the buyer not to purchase when he

observes ads from both sellers or no ads at all. The pooling prices supported by these equilibria are

higher than those emerging when trade occurs with certainty. However, we also �nd su¢ cient conditions

under which sellers prefer not to induce the market to break down and rather coordinate on deceptive

equilibria in which trade occurs with certainty.

4This is what we will call �partial coverage�, which occurs when the marginal bene�t of covering the entire market is
smaller than the required penetration cost of advertising.
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Finally, it should be mentioned that, from a theoretical point of view, the game we analyze lies at the

boundary between cheap talk and signaling games: it is not a pure signaling model since investments in

advertising are not observed, yet it is not a pure cheap talk game because ads are indeed costly and costs

are asymmetric. To the best of our knowledge, this class of games has received little attention in the

existing literature.5 Hence, in addition to its normative insights, the analysis also o¤ers a contribution

to the theoretical literature that typically separates the approaches just mentioned.

The rest of the paper is organized as follows. Section 2 relates our work to the growing literature

on deceptive practices. Section 3 lays down the baseline model. In Section 4 we argue why deceptive

practices are not compatible with a separating outcome. Section 5 describes the properties of equilibria

with positive deception, provides the main existence result and highlights some relevant comparative

statics. In Section 6 we characterize equilibria without deceptive advertising. Section 7 proposes a

criterion to select among equilibria and develops a welfare analysis. In Section 8 we show how policies

that maximize the buyer�s expected utility di¤er from those aimed at maximizing total welfare. Section 9

provides two natural extensions of the baseline model. Section 10 concludes. Proofs are in the Appendix.

2 Related literature

Our paper contributes to the literature dealing with deceptive practices � see, e.g., Bagwell (2007)

among others. A seminal contribution to the debate is that of Anderson and Renault (2009) who study

a model in which competing �rms disclose horizontally di¤erentiated attributes (valued di¤erently by

heterogeneous consumers), assuming that product qualities are known.6 In their paper, if comparative

advertising is allowed, �rms with a lower market share are more likely to disclose information about

their products than larger �rms. Although both papers share the idea of comparative claims, the key

di¤erence between our model and theirs is that we focus on deceptive practices while in their model

information disclosure is always truthful.

Barigozzi, Garella, and Peitz (2009) study an entry game in which the entrant�s quality is uncertain

and comparative advertising � i.e., comparing quality of one�s own product to that of a rival � empowers

the latter to �le for court intervention if she believes the comparison to be false or misleading. They show

that comparative advertising can be a credible signal of high quality. In contrast to theirs, in our model

there is no way to credibly signal high quality because �rms cannot �le for court intervention. Moreover,

in our model the quality of both �rms is unknown, while in their set up the incumbent quality is common

knowledge. These di¤erences allow us to analyze the welfare implications of deceptive advertising from

a more symmetric angle relative to the entry perspective taken in their paper. Finally, while prices are

never used as signaling devices in their paper, in our model buyers rely (also) on prices when updating

their beliefs.
5One exception is Kotowitz and Mathewson (1979). However, di¤erently from us, in their paper there is a single

(monopolist) seller who might deceive customers via deceptive advertising.
6See also Anderson and Renault (2006) for a similar disclosure approach with a monopolistic �rm.
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Hattori and Higashida (2012) study the welfare e¤ects of persuasive advertising in a duopoly model

in which horizontally di¤erentiated �rms that compete by setting prices, engage in deceptive advertising.

They characterize the welfare e¤ects of alternative forms of regulatory policies, by emphasizing (among

other things) the positive e¤ects of market interventions aimed at educating consumers. By contrast,

our objective is to study a context in which customers are Bayes-rational and the scope for deceptive

advertising has a direct impact on prices through the informative content of ads.

The work on de-marketing by Miklós-Thal and Zhang (2013) borrows attribution theory from psy-

chology and builds a model in which sellers may prefer to under-advertise their high-quality product in

equilibrium. By so doing, sellers �confuse�potential buyers as to the true cause of possibly low sales,

which may be attributed to the low-pro�le marketing choice (observed) rather than to the low quality of

the item on sale (unobserved). Our work shares common features with Miklós-Thal and Zhang (2013)

in that buyers are Bayes-rational and discount information in a similar fashion. However, a fundamen-

tal di¤erence between our model and theirs regards the way advertising a¤ects preferences: while in

their analysis advertising increases demand by arousing potential buyers�curiosity � a reduced form of

persuasive advertising � in our setting advertising persuades customers only through changes in prob-

abilities leaving unaltered their attitude towards learning an item�s quality � i.e., demand is enhanced

only through subjective probability appraisal.

Of course, stemming from Chamberlin (1933) a large body of industrial organization literature has

cast advertising choices within the traditional oligopoly framework � see, e.g., Bagwell (2007) for an

excellent survey. These models highlight a number of important features of advertising strategies, such as

their informative7 and persuasive 8 role, the link between advertising and market structure9 and welfare

properties. However, they are all rather silent on the potential danger of deceptive practices, which is

the novel aspect emphasized in our analysis.10 The closest paper in this literature is Corts (2012).11

Di¤erently from us, he emphasizes more the normative issues of deceptive practices: his analysis explores

the di¤erences between policies prohibiting false claims about product quality and policies requiring prior

testing to substitute for quality claims. In his model sellers must invest in information gathering to learn

their quality: there is costly signaling, which is not the case in our model since we assume that the

buyer does not observe the sellers�advertising e¤orts. As a result, the most interesting outcomes of his

game are the separating outcomes, whereas pooling equilibria are the focus of our work. In a companion

paper, Piccolo, Tedeschi, and Ursino (2014b), we analyze a similar model in which �rms may advertise

deceptively, but they can do so only on the extensive margin � i.e., the claim about quality reaches

7See, e.g., Bagwell and Riordan (1991), Grossman and Shapiro (1984), Orzach, Overgaard, and Tauman (2002) and
Wernerfelt (1994) for more on informative advertising.

8See, e.g., Banerjee and Bandyopadhyay (2003), Becker and Murphy (1993) and Dixit and Norman (1978).
9See, e.g., Bagwell and Ramey (1988), Bagwell and Ramey (1991), Chu (1992), Galeotti and Moraga-González (2008).
10An approach similar to ours is taken in Wang (2011) who studies, however, the problem of a monopolist that o¤ers

information about its product features � see also Kotowitz and Mathewson (1979). In this model advertising can be not
fully informative but it cannot be misleading, which is instead a key feature of our analysis.
11See also Corts (2013, 2014, 2015).
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the buyer with certainty.12 In the present paper advertising is treated in a more general form: it is a

continuous variable, which is chosen on the intensive margin and therefore a¤ects not only �rms�pricing

decision but also the consumer�s expected utility in a non-obvious way. This allows us to show that the

buyer may enjoy deceptive pooling equilibria in which sellers coordinate on the maximal price, whereas

deception is good for the buyer only at the most competitive (minimum price) pooling equilibrium in

our previous work. To the best of our knowledge this is the �rst paper in which deceptive advertising is

determined also on the intensive margin.

3 The model

Players. Two competing sellers (denoted by i = 1; 2) supply similar products with di¤erent qualities to
a single (representative) buyer. They compete by setting prices and each o¤ers a product of either low

or high quality. The buyer purchases one unit of product from either seller and is unaware of qualities

before consumption. His utility from consuming an item of low (resp. high) quality is �l (resp. �h), with

� � �h � �l > 0 being the quality di¤erential.
The buyer�s net utility from consumption is

u (�i; pi) = �i � pi;

when buying at a price pi from seller i an item whose quality yields utility �i. No consumption entails

zero utility.13 Abusing slightly notation, we de�ne sellers�types as �i 2 f�l; �hg.

Uncertainty. For simplicity, in the baseline model we assume that qualities are perfectly negatively
correlated � i.e., �1 = �l whenever �2 = �h and vice versa � and this is common knowledge to all

players.14 Hence, each seller is aware of both own and the competitor�s product quality, while the buyer

knows that there is only one good-quality product but cannot tell which. One interpretation of this

assumption is that product qualities can always be ranked and buyers may just care about the ranking

rather than intrinsic quality: it is known in the market that some products are better than others, but

the winner is not obvious outright. The sellers know which product is best out of their insider/specialist

information, while the buyer only has a prior about that. Thus, �h captures the willingness to pay

for the fanciest, top-quality product, while �l is the maximum a buyer is willing to pay for a laggard,

low-quality product.15 Sellers are ex-ante identical from the buyer�s perspective: his prior belief about

12This is sometimes referred to as �perfect advertising�in the literature.
13The hypothesis of a single representative buyer is made only for tractability and to isolate the pure e¤ects of deceptive

advertising from those stemming from product segmentation that would arise with a downward sloping demand function.
Our results would not change if there was a continuum of buyers and �rms can perfectly discriminate among them. See,
however, Grossman and Shapiro (1984) and Galeotti and Moraga-González (2008) for models with advertising, di¤erentiated
products and segmentation.
14 In the extensions we show that the main results remain qualitatively valid when qualities are imperfectly correlated.
15Alternatively, our set-up can be interpreted as a shortcut to model situations in which sellers discretely improve the

quality of their products. This innovation process takes place in discrete but small time intervals so that in each (market
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their qualities is 50-50.

Advertising technology. Prices are observed before purchase, while product qualities are advertised
through informative ads. Speci�cally, each seller can air a number of ads stating that her product is of

high quality. The higher the number of ads, the larger the probability of reaching the buyer (hereafter

coverage).16 If seller i supplies a high-quality product, the statement of her ads is truthful and her

coverage will be denoted by ti 2 [0; 1] � i.e., her ads reach the buyer with probability ti � 1. If seller
i supplies a product of low quality, the content of her ads is false and her coverage will be denoted by

di 2 [0; 1] � i.e., her ads reach the buyer with probability di � 1. To simplify notation, throughout we
will assume that the buyer receives a signal si = h from seller i when her ads reach the target, while he

observes signal si = ? when the target is missed. Accordingly, we will denote by s = (s1; s2) 2 fh;?g2

the vector of signals that the buyer observes.

The buyer cannot distinguish the quality of the items on sale before consumption � i.e., sellers supply

experience goods. Moreover, quality cannot be veri�ed ex-post in court with certainty. Advertising

requires an increasing and convex penetration cost c (�), which satis�es standard Inada conditions � i.e.,

c (0) = c0 (0) = 0.17 A high-quality seller, who advertises truthfully, only sustains the penetration cost.

By contrast, deceptive advertising costs c (di) + �di to seller i when she supplies the low-quality item

(with � > 0). The linear component � can be interpreted as the expected sanction (�ne) of deceiving

consumers.18

Finally, we assume that c0 (1) is arbitrarily large to rule out equilibria with full coverage � i.e., it

will never be optimal for a seller to cover the entire market.19

Timing. The timing of the game is as follows:

t=0 Sellers learn their qualities.

t=1 Sellers simultaneously and independently choose coverage and price.

t=2 The buyer receives ads (if any) and observes the posted prices (but not coverage decisions).

t=3 He decides which store to patronize. Trade (if any) takes place.

Figure 1 below illustrates the time-line of the game.

game) stage only one seller improves upon the previous stage best quality product. Buyers know that in each period there
is a status quo quality level, which is valued �l, and that only one of the sellers innovated by selling a product of better
quality, which is valued �h.
16This is sometimes referred to as �advertising rate�in the literature.
17This echoes the �penetration�costs common in the advertising literature � see, e.g., Bagwell (2007). Essentially, even

though buyers are aware of the existence of both sellers, coverage costs refer to the provision of additional information
about quality-related characteristics of the goods needed to attract buyers.
18For example, one could imagine that every deceived customer sues the �rm for fraud with some probability, suggesting

that the costs in excess of mere coverage/penetration costs are linear.
19 In a previous version of the paper we have performed an analysis of this game in which Inada conditions do not hold

and a corner solution emerges with the high-quality seller covering the entire market. The paper is available on SSRN at:
http://dx.doi.org/10.2139/ssrn.2172714
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Figure 1: Timing of the advertising game

Qualities
are revealed
to sellers

Time 0

-
Sellers simultaneously
set t1 (or d1) and p1
and d2 (or t2) and p2

Time 1

-
Buyer observes ads
and prices, and may
buy from either seller

Time 2 and 3

A �nal comment on the structure of our model is in order: advertising is about quality and does

not concern existence. The buyer is perfectly aware of the existence of both sellers20 even if he is not

reached by their ads. This hypothesis can be interpreted in two di¤erent ways. First, even if they know

about the existence of established competitors, customers are usually unable to observe the �rms�actual

investments in advertising campaigns. Second, our model can be reinterpreted as the buyer having the

ability to distinguish only whether a �rm has pursued an intense or a soft advertising campaign but not

its exact scale.21

Equilibrium concept and strategies. Since the game is sequential and features asymmetric infor-
mation, the equilibrium concept is weak Perfect Bayesian Equilibrium (see, e.g., Mas-Colell, Whinston,

and Green (1995)). Let (ti; di; pi) be seller i�s vector of actions where ti 2 [0; 1] and di 2 [0; 1] are,
respectively, her truthful and deceptive ads coverage,22 and pi the posted price. The buyer�s action

space is fbuy 1, buy 2, not buyg. For simplicity, in the baseline model we focus on equilibria in which
trade occurs with certainty � i.e., the market never breaks down � and denote by

�i (s;p) = Pr(buy ijs;p) = 1� Pr(buy jjs;p))

the buyer�s �consumption�strategy. This is conditional both on the observed ads s and on the vector of

posted prices p = (pi; pj). Equilibria with market breakdown will be discussed in the extensions.

Beliefs. At Time 2, the buyer observes the posted prices and at most one ad from each seller. Using

this information he updates his beliefs on products� qualities consistently (whenever possible) with

equilibrium strategies. We will introduce o¤-equilibrium beliefs as we proceed with the analysis.

20This assumption seems compelling for an oligopolistic industry with a small number of established competitors in which
buyers make consumption decisions about new types or versions of existing products � e.g., car models, electronic devices
etc. One might argue that consumers are aware of the existence of �rms, but not necessarily of the new versions of their
products. However, when search costs are small enough, knowledge about the existence of brands also implies awareness of
product versions.
21 In this case, the buyer perceives seller i�s advertising campaign as intense when si = h, and soft if si = ?.
22These are, in fact, pure behavior strategies : conditional on being a high type, seller i�s strategy is ti, otherwise di.
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4 Preliminaries

In this preliminary section we describe how sellers� advertising and pricing choices a¤ect the buyer�s

behavior. We show that the low-quality seller has no incentive to invest in deceptive advertising when

prices are a perfect signal of quality � i.e., in a separating equilibrium in which sellers of di¤erent types

charge di¤erent prices.

For any pair of signals (si; sj) and any vector of prices (pi; pj), the buyer will patronize seller i

(resp. j) with probability 1 if and only if his expected utility when buying from seller i is (strictly)

higher than the expected utility he obtains buying from seller j � i.e.,X
�i

Pr (�ijs;p) �i � pi >
X
�i

Pr (�j js;p) �j � pj (resp. <))

�i (s;p) = 1 (resp.�i (s;p) = 0);

where Pr (�ijs;p) is the posterior (conditional both on signals and prices) induced by the sellers�strategies
� i.e., the probability that the buyer assigns to seller i being of quality �i 2 f�l; �hg when he has observed
signals s = (si; sj) and prices p =(pi; pj). When indi¤erent, the buyer randomizes and patronizes seller

i with probability �i (�) 2 (0; 1).
Given the buyer�s strategy, seller i�s maximization problem when she supplies a high-quality item is

max
pi�0;ti2[0;1]

8<: X
s2fh;?g2

Pr (sjti; di)�i (s;p) pi � c (ti)

9=; :
When, instead, she supplies a low-quality item, her maximization problem is

max
pi�0;di2[0;1]

8<: X
s2fh;?g2

Pr (sjti; di)�i (s;p) pi � c (di)� �di

9=; :
The following preliminary lemma shows that there is no advertising in a separating equilibrium. This

result is key to understand how the incentives to deceive the buyer are a¤ected by the seller�s pricing

behavior:

Lemma 1. A separating equilibrium in which prices fully reveal qualities � i.e., such that sellers of

di¤erent qualities post di¤erent prices � features no advertising.

The economic intuition of this result is straightforward. In a separating equilibrium sellers perfectly

reveal their quality through prices. Hence, there is no scope for costly advertising. As a result, advertising

can only emerge in a pooling equilibrium in which sellers charge the same price regardless of their qualities

� i.e., in an outcome of the game in which prices do not convey information about quality.
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5 Pooling equilibria with deceptive advertising

Building on Lemma 1, in this section we analyze the class of pooling equilibria in which the buyer is

deceived with positive probability. Throughout the analysis we restrict attention to symmetric (labels-

invariant) equilibria in which trade occurs with certainty. Speci�cally, in these equilibria: (i) both

sellers post the same price (say p�) regardless of their quality; (ii) high-quality sellers invest t� 2 (0; 1) in
truthful advertising (t�i = t

� for every i); (iii) low-quality sellers invest d� 2 [0; 1) in deceptive advertising
(d�i = d

� for every i); (iv) the buyer�s participation constraint is always met.

The section is structured as follows. We �rst specify the buyer�s beliefs o¤- and on-equilibrium

path; we derive some basic properties of the equilibrium strategies; �nally, we provide the necessary and

su¢ cient conditions for existence.

In the equilibrium candidate under consideration both sellers advertise. As a result, the buyer cannot

spot deviations upon observing or not observing an ad from any of the sellers. By contrast, he learns to

be o¤-equilibrium when he observes unexpected prices. We assume the following o¤-equilibrium beliefs:

A1 Whenever sellers are expected to post the same price in equilibrium, if the buyer observes a non-
equilibrium price from just one seller, he believes she sells a low-quality product, for any ads he

may observe. Similarly, when he observes two non-equilibrium prices, he assigns probability 1 of

selling a low-quality product to the seller posting the lower price, for any ads he may observe.

These beliefs are standard in applications of signaling games. At the end of the section we show

that the equilibrium outcome characterized throughout survives to the weakest version of Divinity (D1)
introduced by Banks and Sobel (1987).

Next, we characterize beliefs on the equilibrium path. Using Bayes� rule, the buyer�s equilibrium

beliefs (posterior) on �rm i�s quality being high when he receives only one ad are

Pr (�i = �hjh;?;p�) =
t� (1� d�)

t� (1� d�) + (1� t�) d� ; (1)

Pr (�i = �hj?; h;p�) =
(1� t�) d�

t� (1� d�) + (1� t�) d� ; (2)

where p� = (p�; p�), (si; sj) = (h;?) in (1) and the reverse in (2). Notice that

@ Pr (�i = �hjh;?;p�)
@t�

> 0;
@ Pr (�i = �hjh;?;p�)

@d�
< 0;

and
@ Pr (�i = �hj?; h;p�)

@t�
< 0;

@ Pr (�i = �hj?; h;p�)
@d�

> 0:

Essentially, an increase of the intensity of truthful (resp. deceptive) advertising makes the buyer more

(resp. less) con�dent that the high quality seller is the one from which he has received an ad.

11



By contrast, when the buyer receives the same signal from both sellers, his posterior is equal to the

prior � i.e.,

Pr (�i = �hjh; h;p�) = Pr (�j = �hjh; h;p�) =
1

2
; (3)

Pr (�i = �hj?;?;p�) = Pr (�j = �hj?;?;p�) =
1

2
: (4)

We are now ready to characterize the buyer�s equilibrium strategy in a symmetric pooling equilibrium.

Recall that, for any vector of signals s 2 fh;?g2, the buyer�s (equilibrium) strategy (when both sellers
charge the same price) speci�es a probability ��i (s) of buying from seller i upon observing the pair of

signals s.23

Lemma 2. In every symmetric pooling equilibrium in which trade occurs with certainty, the buyer�s

strategy must satisfy the following properties: (i) symmetry � i.e., ��i (s; s
0) = ��j (s; s

0) for every (s; s0);

(ii) when the buyer receives only one ad, he patronizes the seller who has aired that ad � i.e., ��i (h;?) =
1 (resp. 0) � if and only if t� > d� (resp. <); (iii) when the buyer receives two identical signals, he

patronizes both sellers with equal probability � i.e., ��i (s; s) = 1=2.

Intuitively, since sellers are ex-ante identical, a symmetric equilibrium exists if and only if the buyer

treats them symmetrically at the interim stage. That is, if the buyer is indi¤erent between purchasing

from either seller (because he has not received decisive information from their ads) he behaves according

to his 50-50 prior. Hence, provided he expects a positive utility, he purchases from either seller with

identical probability.

Finally, a direct implication of Lemma 2 is that

Pr (�i = �hjh;?;p�) > Pr (�i = �hj?; h;p�) , t� > d�:

Meaning that, when the buyer receives only one ad, he buys from the �rm that has aired this ad only if

(in equilibrium) the high-quality seller invests more in advertising than the low-quality one.

Notice also that, in the natural case in which t� > d�, then

E [�ijsi = h; sj = ?;p�] = �l +
t� (1� d�)

t� (1� d�) + (1� t) d��

> E [�j jsj = ?; si = h;p�] = �l +
(1� t�) d�

t� (1� d�) + (1� t�) d��;

and

E [�ijh; h;p�] = E [�ij?;?;p�] = E [�i] = �l +
�

2
:

23Abusing slightly notation we have suppressed the dependence of the buyer�s strategy from the price since in any pooling
equilibrium both sellers post the same price.
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Therefore, it can be easily shown that

E [�ijsi = h; sj = ?;p�] > E [�ijh; h;p�] = E [�ij?;?;p�] :

This implies that, to ensure trade in all states of nature, the equilibrium price p� must be fall short of

the unconditional expected quality E[�i].

Next, consider the sellers�equilibrium strategies. For any pair (t; d), let Qi (ti = t; dj = djh) be the
ex-ante probability of making a sale for seller i when she supplies a high-quality item � i.e.,

Qi (ti = t; dj = djh) �
P

s2fh;?g2
Pr (sjt; d)��i (s)

=
td

2
+ t (1� d)��i (h;?) + d (1� t)��i (?; h) +

(1� t) (1� d)
2

:

By the same token, let Qi (di = d; tj = tjl) be the ex-ante probability of making a sale for seller i when
she supplies a low-quality item � i.e.,

Qi (di = d; tj = tjl) �
P

s2fh;?g2
Pr (sjt; d)��i (s)

=
td

2
+ d (1� t)��i (h;?) + t (1� d)��i (?; h) +

(1� t) (1� d)
2

:

Hence, given an equilibrium pooling price p�, high-quality sellers choose an equilibrium intensity of

truthful advertising that solves

max
t2[0;1]

fp�Qi (ti = t; dj = d�jh)� c (ti)g ;

whose �rst-order condition yields

p�
�
d� � 1

2
+ (1� d�)��i (h;?)� d���i (?; h)

�
= c0 (t�) ; (5)

Similarly, when supplying low quality, seller i chooses an intensity of deceptive advertising that solves

max
d2[0;1]

fp�Qi (di = d; tj = t�jl)� c (d)� �dg ;

whose �rst-order condition yields

p�
�
t� � 1

2
+ (1� t�)��i (h;?)� t���i (?; h)

�
= c0 (d�) + �; (6)

Notice that, if t� > d� so that ��i (h;?) = 1 and ��i (?; h) = 0, the left-hand sides of conditions (5) and
(6) (the sellers�marginal revenues) are both equal to p�=2 � i.e., each seller�s serves the buyer 50% of
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the times regardless of her quality. Hence, the main di¤erence between (5) and (6) is that the intensity

of deceptive advertising involves the extra marginal cost � over and above the penetration cost c (�).

Lemma 3. Suppose that a symmetric pooling equilibrium exists in which both sellers charge the same

price p�, the low-quality seller invests d� � 0 in deceptive advertising, the high-quality seller invests

t� > 0 in truthful advertising and the market never breaks down. Then, the following properties are

satis�ed: (i) p� � 2�; (ii) 1 > t� > d� so that t� and d� solve, respectively:

p�

2
= c0 (t�) ;

p�

2
= c0 (d�) + �; (7)

where d� � 0 with equality only at p� = 2�. (iii) t� and d� are both increasing in p� while d� is decreasing
in � ; (iv) the high-quality seller earns more than the low-quality seller; and (v) p� �E[�] = �l + �

2 .

The economic intuition of this result is as follows. Clearly, whenever the game features a (symmetric)

pooling equilibrium in which the low-quality seller invests in deceptive advertising, it must be the case

that the (equilibrium) marginal revenue p�=2 exceeds the marginal cost of deception �, so that the

equilibrium price must be strictly above 2�. Moreover, since truthful advertising is less costly than

deceptive advertising, it must be the case that the intensity of truthful advertising is larger than the

intensity of deceptive advertising. This, in turn, implies that high-quality sellers earn higher pro�ts

than low-quality sellers. Finally, notice that, while at p� = 2� the low-quality seller does not invest in

advertising (i.e. d� = 0), for easiness of exposition we will include price 2� in the set of pooling equilibria

with deception.

Building on Lemmas 2 and 3 we now characterize the sellers�incentive compatibility and participation

constraints that must be satis�ed in equilibrium. Recall that, by Lemma 3, the expected equilibrium

pro�t of the high-quality seller is always larger than that of the low-quality seller. Hence, sellers�

equilibrium pro�ts are non-negative as long as the participation constraint of the low-quality seller is

met � i.e.,

��l � p�
1� t� + d�

2
� c (d�)� �d� � 0:

Next, consider the sellers�no deviation constraints. Recall that advertising choices are not observable

by the buyer and, by assumption A1, a seller who deviates is deemed as a low-quality one. Hence, she
will rationally choose not to advertise when charging a deviation price p0 6= p�.

Consider a seller i of either quality: she will never deviate to a price p0 larger than p�. In that case,

the buyer would certainly buy from the rival because, under A1, the deviating �rm is perceived as selling
a low-quality item at a higher price. Hence, any feasible deviation must be such that p0 < p�. Speci�cally,

a deviating seller must price below p� � � to compensate the buyer for the lower (perceived) quality.

Regardless of her quality, the most pro�table deviation of seller i is to stop advertising (unobserved) and

charge p0 = p� �� (observed). Such a deviation yields a pro�t p0 ��. Hence, pooling prices p� < �
can never be undercut since successful deviations yield negative pro�ts. It thus remains to be veri�ed

whether pooling prices strictly larger than � are also immune to deviations.
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We have just argued that deviation pro�ts are equal across sellers�types, and we know by Lemma 3

that the equilibrium pro�ts of the high-quality seller always exceed those of the low-quality seller. Hence,

a pooling price that prevents a deviation by the low-quality seller, a fortiori prevents that of a high-

quality seller. As a consequence, from now on we can restrict the analysis to the incentive compatibility

constraint of the low-quality seller. This, together with her participation constraint, reads

��l � max f0; p� ��g :

We can now state the main proposition of the section. Recalling that the equilibrium intensity of truthful

(t�) and deceptive (d�) advertising depend on the equilibrium price p� as described in Lemma 3:

Proposition 1. A (symmetric) weak PBE with the properties described in Lemma 2 and Lemma 3 exists
if and only if

� � �(�; �l) � max
�
�
�
1 + c0�1 (�)

�
; 2 (2�� �l)

	
; (8)

where �� (�; �l) is strictly increasing in � and weakly decreasing in �l. The maximal price that sellers

can charge in this class of equilibria is

p� = min fp (�;�) ;E [�]g ;

where p (�;�) is the unique solution to

p�

2
[1� t� + d�]� c (d�)� �d� = p� ��:

This result echoes the �ndings of Martimort and Moreira (2010) showing that common agency games

with informed principals may feature pooling equilibria in which the informed principals o¤er the same

allocations regardless of their types � i.e., what they call uninformative equilibria.

Condition (8) implies that a pooling equilibrium in which the low-quality seller deceives the buyer

exists if and only if the quality di¤erential is not too small. The reason is that, if � is too small, the

low-quality seller always gains from revealing herself to the buyer by undercutting the equilibrium price

and not advertising at all. To prevent this, it must be � > �
�
1 + c0�1 (�)

�
. Moreover, to induce the

buyer to purchase even when he receives two identical ads, the expected quality E[�] must be larger than

the minimum price. The latter is the price which allows for deceptive advertising to be positive (2�).

Hence, to guarantee E[�] > 2�, it must be that � > 2 (2�� �l).
Finally, it is easy to verify that the threshold �(�; �l) is increasing in �: when the expected sanction

of engaging in deceptive advertising increases, the region of parameters in which a pooling equilibrium

exists shrinks.

The next corollary shows how the maximal pooling price p� varies with �, � and E[�].

Corollary 1. p� is weakly increasing in E[�], strictly increasing in �, and weakly decreasing in �.
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The economic intuition is as follows. Clearly, when the maximal price is constrained by the buyer�s

participation constraint � i.e. p� = E[�] � the higher the expected quality the softer the constraint

and the higher the price which can be sustained in equilibrium. As for the e¤ect of �, notice that

@��l =@� = �d�, so the equilibrium pro�t of the low-quality seller is decreasing in �. The deviation

pro�t, however, is not a¤ected by �. This implies that the participation and the incentive compatibility

constraints of the sellers become tighter and, for relatively high prices, the incentives to deviate become

too strong so that they cannot be sustained in equilibrium. Finally, when � increases, while equilibrium

pro�ts are unchanged, deviation pro�ts decrease because the quality discount required by the buyer

o¤-equilibrium is larger. Hence, deviations become harder, so that higher prices can be sustained in

equilibrium when � grows large.

A remark on equilibrium re�nements. We conclude the section by arguing that the equilibrium
outcomes sustained by the o¤-equilibrium beliefs speci�ed in A1 and characterized in Proposition 1
survive to the weakest version of Divinity (D1) introduced by Banks and Sobel (1987) � see, e.g.,

Fudenberg and Tirole (1991).24 In words, D1 states that if the set of the buyer�s strategies that make
seller i of type � willing to deviate to a given price pd 6= p� is strictly contained in the set of the buyer�s
strategy that makes seller i of type �0 willing to deviate, then the buyer should believe that seller i is

in�nitely more likely to deviate to pd when she is of type �0 than when she is of type �.

To verify whether the pooling equilibria characterized survive to D1, consider a price deviation
pd 6= p�, and assume that the buyer�s o¤-equilibrium strategy is to buy from the deviating seller with

some probability �.25 The equilibrium price p� satis�es D1 if and only if �l < �h, where �h is the

buyer�s o¤-equilibrium strategy that makes a seller indi¤erent between deviating and sticking to the

equilibrium price when she is of high quality � i.e.,

�hpd = p�
1 + t� � d�

2
� c (t�) :

By the same token, �l is the buyer�s strategy that makes a seller indi¤erent between deviating and

sticking to the equilibrium price when she is of low quality � i.e.,

�lpd = p�
1� t� + d�

2
� c (d�)� �d�:

It can be easily veri�ed that, by Lemma 3, �h > �l regardless of p� so that, whenever a high-quality

seller gains from deviation, the low-quality one does so too. Hence, all pooling equilibria characterized

above meet D1. Essentially, for any given o¤-equilibrium behavior of the buyer, a high-quality seller

has less incentives to deviate than a low-quality one because his equilibrium pro�ts are higher.

24Of course, if our equilibria satisfy D1 they also satisfy the Cho and Kreps (1987) Intuitive Criterion.
25For simplicity, we assumed that the buyer�s o¤-equilibrium strategy is unconditioned to the realized ads. It can be

veri�ed that D1 holds even if one considers a buyer�s strategy that is contingent on the ads he obverses o¤-equilibrium.
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5.1 Comparative statics

In this section we study how the buyer�s expected utility and the sellers�pro�ts vary with the equilibrium

price p�. The objective is twofold. First, we show that, within the class of pooling equilibria with

deceptive advertising, the buyer may be better-o¤ when sellers coordinate on equilibrium prices strictly

larger than 2� � i.e., the buyer may bene�t from being deceived with positive probability. Second, we

provide su¢ cient conditions for establishing a ranking between sellers�pro�ts, a rather complex task as

we will argue.

Consider �rst the buyer�s expected utility. Since in our model the buyer consumes only one unit of

product, his (expected) utility, conditional on observing the same message from both sellers, is

v (h; h) = v (?;?) = E [�]� p�: (9)

In this case, the buyer perceives both sellers equally likely to supply the high-quality item. Hence, his

willingness to pay is the (unconditional) expected quality E[�].

By contrast, when the buyer observes a single message, he purchases from the seller whose ad he has

observed. In this case, his beliefs are updated through Bayes�rule, so that

v (h;?) = v (?; h) = E [�j?; h]� p�; (10)

where

E [�j?; h] = t� (1� d�)
t� (1� d�) + (1� t�) d� �h +

(1� t�) d�
t� (1� d�) + (1� t�) d� �l:

Putting (9) and (10) together, the (unconditional) expected utility of the buyer before receiving the

sellers�ads as a function of the equilibrium price p� is

V � (p�) � E[v (si; sj)] = E [�]� p� +
�

2
(t� � d�)| {z }

Advertising premium (+)

(11)

where V � (p�) > 0 since p� �E[�] and t� > d�.
Hence, in a pooling equilibrium in which the low-quality seller invests in deceptive advertising,

the buyer enjoys an �advertising premium�that increases both with the quality di¤erential � and the

intensity of truthful advertising t�, while it decreases with the intensity of deceptive advertising d�. This

is because, other things being equal, the probability of receiving a truthful ad is higher than that of

being deceived � i.e., t� > d� for any p� � and the value of avoiding a bad purchase equals the quality

di¤erential �.

In the next proposition we show that the impact of the equilibrium price on the buyer�s expected util-

ity is generally ambiguous, and depends on the sensitivity of the advertising strategies to the equilibrium

17



price. Recalling that t� and d� vary with p� according to Lemma 3, de�ne

~"t (p
�) � p� @t

�

@p�
=
c0 (t�)

c00 (t�)
;

and

~"d (p
�) � p�@d

�

@p�
=
c0 (d�) + �

c00 (d�)
:

These expressions denote the quasi-elasticity of advertising intensities to price � i.e., a measure of the

point change in the advertising coverage due to a 1% increase of p�.

Lemma 4. For any p� 2 [2�; p�], the buyer�s expected utility features the following properties:

@V � (p�)

@p�
� 0 , ~"t (p

�)� ~"d (p�) �
2p�

�
:

This result shows that the impact of an increase of the pooling price p� on the buyer�s expected

utility is ambiguous. The key trade-o¤ is the following. First, a higher price p� makes the buyer worse-

o¤ because, other things being equal, he pays more to get the item. Second, and most interestingly, an

increase of p� a¤ects the advertising premium and changes the relative likelihood of receiving a truthful

ad. If the intensity of truthful advertising is always less responsive to the equilibrium price than the

intensity of deceptive advertising, the buyer�s expected utility decreases with p�. However, the opposite

result obtains when the intensity of truthful advertising is su¢ ciently more responsive to the equilibrium

price than the intensity of deceptive advertising: in this case, a higher price p� increases the buyer�s

ex-ante utility because it spurs the advertising premium, and this e¤ect is strong enough to compensate

the direct (negative) e¤ect of a larger price on the buyer�s expected utility.

Lemma 4 provides a local condition that, while easy to interpret, depends on the equilibrium price

in a potentially complex manner. In the next proposition we provide su¢ cient conditions on the shape

of the penetration cost c (�) under which V (p�) is either always decreasing, so that it is maximized at
2� � i.e., the buyer always prefers the low-quality seller not to invest in deceptive advertising � or it is

maximized at a price (strictly) larger than 2�: in this case the buyer prefers some deceptive advertising.

Proposition 2. If c000 (�) � 0, then V � (p�) is decreasing in p� and it is maximized at p� = 2�. If

c000 (�) < 0, there exists a threshold b� > 0 such that V � (p�) is maximized at a price (strictly) larger than
2� as long as � > b�, where b� � 4

c00 (d�) c00 (t�)

c00 (d�)� c00 (t�)

����
p�=2�

:

To gain insights about this result notice that

@~"t (p
�)

@t
=

1

c00 (t�)2
�
c00 (t�)� c0 (t�) c000 (t�)

�
:

This condition implies that the quasi-elasticity of advertising increases with the advertising intensity
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when c000 (�) < 0. In this case, the buyer may actually be better-o¤when sellers coordinate on equilibrium
prices larger than 2� provided that � is large enough (so that the advertising premium is high enough).

This scenario seems plausible when the sellers�penetration technology is shaped by learning-by-doing

e¤ects. Essentially, as the market price increases, the intensity of advertising of the sellers who invest

more in advertising (the high-quality sellers) is more responsive than that of the sellers who advertise less

(the low-quality ones). Clearly, the opposite result obtains when c000 (�) is positive or if � is negligible.26

It is relatively easy to �nd analytic examples satisfying both c000 (�) < 0 and � > b�.
Example. Consider the exponential cost function c (x) = xa with a 2 (1; 2). Then c00 (x) > 0 and

c000 (x) < 0 for all x 2 [0; 1], while some algebra27 yields

b� � 4a (a� 1)�a�2
a�1 :

Next, we consider the impact of the equilibrium price p� on the sellers�expected (ex-ante) pro�t.

Recall that

��h (p
�) = p�

1 + t� � d�
2

� c (t�) ; (12)

and

��l (p
�) = p�

1 + d� � t�
2

� c (d�)� �d�: (13)

Hence, the sellers�expected pro�t before learning their type is

�� (p�) =
��h (p

�) + ��l (p
�)

2
=
p� � c (t�)� c (d�)� �d�

2
: (14)

In the next lemma we show that this expression may not be monotone with respect to p�.

Lemma 5. For any p� 2 [2�; p�], the sellers�expected pro�t features the following property:

@�� (p�)

@p�
� 0 , ~"t (p

�) + ~"d (p
�) � 2: (15)

There are two e¤ects at play. First, when p� increases, sellers obtain higher sales revenues in equi-

librium, which raises pro�ts. Second, when the equilibrium price increases, each seller advertises more

regardless of her quality, but this tends to dissipate pro�ts because advertising is costly. Equation (15)

26Clearly, the same argument applies to ~"d (p�).
27Note that c00 (x) = a (a� 1)xa�2 tends to in�nity as x tends to zero. Thus c00 (d�) diverges as p� approaches 2� � i.e.

d� approaches zero. Rearranging terms, we can express b� as

b� = lim
p�!2�

4
c00 (d�)

c00(d�)
c00(t�) � 1

which, using de l�Hôpital and substituting t� =
�
p�

2a

� 1
a�1

and d� =
h
1
a

�
p�

2
� �

�i 1
a�1

, yields the result. Thus, all the

conditions necessary for the application of Proposition 2 are met.
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gives a local condition under which the positive sales e¤ect prevails on the negative dissipation e¤ect.

As intuition suggests, this happens when the advertising intensities are not too sensitive to the price.

In the next proposition we provide su¢ cient conditions under which sellers�pro�ts are globally in-

creasing or decreasing with respect to the price. For any x 2 [0; 1], let � (x) � c0 (x) =c00 (x).

Proposition 3. There exist two thresholds r and R, with 0 < r < R, such that �� (p�) is increasing in
p� if � (x) < r for every x 2 [0; 1] and �� (p�) is decreasing in p� if � (x) > R for every x 2 [0; 1].

The interpretation of this result is straightforward. The ratio � (x) is an inverse measure of the

convexity of the penetration costs. The larger the index, the less convex the cost function c (�) is, and
the more responsive is the seller�s advertising to changes of the equilibrium price. Hence, the larger

� (x), the stronger the pro�t dissipation e¤ect of advertising. As a consequence, if � (x) is large enough,

seller�s pro�ts are always decreasing in p� because the dissipation e¤ect prevails. Vice versa, the revenue

e¤ect dominates when � (x) is small enough and pro�ts are always increasing in price.

Propositions 2 and 3 together, imply that it might be possible to �nd cases in which both the sellers

and the buyer are better-o¤ at prices strictly greater than the minimum price 2�.

Corollary 2. Assume that c000 (�) < 0, � > b� and � (x) < r for every x 2 [0; 1], then any (ex-ante)
Pareto e¢ cient pooling (equilibrium) price is (strictly) larger than 2�.

This result shows that, within the class of pooling equilibria with deceptive advertising, the interests

of the customer and the sellers may be aligned towards prices larger than 2�.

Using the example developed above, it is not di¢ cult to �nd conditions under which the requirements

of Corollary 2 are met.

Example (continued). When c (x) = xa with a 2 (1; 2), the condition � (x) < r for every x 2 [0; 1] is
satis�ed if a is close enough to 2.28

6 Equilibria with no deceptive advertising

This section characterizes �non-deceptive�equilibria that entail either a separating outcome, in which

sellers with di¤erent qualities set di¤erent prices and do not advertise, or a di¤erent type of pooling

outcome in which only the high-quality sellers advertise. We start with separating equilibria.

Separating equilibria. In a separating equilibrium prices perfectly signal qualities and sellers have no

incentives to advertise. Standard undercutting arguments imply that, if a separating equilibrium exists,

28 Indeed, using results from the proof of Proposition 3, it can be checked that � (x) < r for all x 2 [0; 1] if

� (t�) =
t�

a� 1 < min
0�d�<t�<1

2

1 +
�
d�
t�
�2�a = r:

This condition is certainly met for a su¢ ciently large because, for a approaching 2 from below, it becomes t� < 1:

20



the buyer is served only by the high-quality seller who charges the price p (h) = �, while the low-quality

seller charges the most competitive price p (l) = 0. To be supported in equilibrium, these prices must

not be vulnerable to unilateral deviations. Before discussing the incentives to deviate, we specify the

out-of-equilibrium beliefs. Note that deviations from this equilibrium are spotted not only when the

buyer observes unexpected prices, but also when he observes unexpected ads. Since our objective is

to characterize the largest possible region of parameters in which a separating outcome can emerge, we

choose the o¤-equilibrium beliefs that make price deviations by the low-quality seller the least attractive:

A2 Whenever the buyer observes an equilibrium price by one seller (either 0 or �) and a non-

equilibrium price by the other (any price di¤erent from 0 or �), his beliefs about sellers�qualities

remain the equilibrium ones for any ad(s) he may receive from either or both sellers. If sellers

charge the same price, he believes that sellers have equal probability of supplying a high-quality

item, for any ad(s) he may observe.

Clearly, the low-quality seller can only deviate to the price p (h) = �, otherwise the buyer would

still recognize qualities and buy from the high-quality seller. Instead, if the low-quality seller mimics the

rival by charging exactly �, the buyer is unable to assess qualities based only upon the observation of

prices. In this case, according to A2, he purchases from either seller with equal probability. Hence:

Proposition 4. A necessary and su¢ cient condition for the existence of a separating equilibrium is

E [�] < � , �l <
�

2
: (16)

To sustain a separating equilibrium in the easiest possible way it is enough to impose A2. Such
a belief trivially makes deviations involving advertising unpro�table. Condition (16) is in fact directly

implied by the buyer�s participation constraint. That is, if the low-quality seller mimics the rival and

charges �, the buyer�s out-of-equilibrium belief implies that his willingness to pay for the item is equal

to the unconditional expected quality E[�], which is lower than the prevailing price � in the region of

parameters under consideration. Hence, the buyer does not purchase out of the equilibrium path. Any

other type of o¤-equilibrium beliefs makes price deviations by the low-quality seller more appealing,

making the condition for the existence of a separating equilibrium tighter than (16).

In this equilibrium the low-quality seller makes no pro�ts, while the pro�t of the high-quality seller

is equal to the di¤erence between the buyer�s relative willingness to pay for the two goods: �sh = �.

Clearly, the buyer�s utility is equal to that of consuming the low-quality item � i.e.,

V s = �h �� = �l:

Finally, notice that the result stated in Proposition 4 highlights an important feature of the model: in

the region of parameters in which (16) does not hold, but (8) is met, there exist only pooling equilibria
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� i.e., when

� > max f2�l;�(�; �l)g : (17)

This suggests that our focus on pooling equilibria in which the low-quality sellers deceive the buyer is

particularly relevant in industries in which the quality di¤erential between the items on sale is su¢ ciently

large (i.e., � large), customers are particularly reluctant to buy items of low quality (i.e., �l low) and

the cost of deceptive advertising is not too high (� small).

Pooling equilibria without deceptive advertising. Consider now pooling equilibria in which the
low-quality seller does not advertise while the high-quality seller advertises but does not fully cover

the market.29 Following a logic similar to that developed in Proposition 1 and imposing the same

o¤-equilibrium beliefs, we can state the following result:

Proposition 5. There always exists a class of (symmetric) pooling equilibria in which trade occurs with
certainty and only the high-quality seller advertises. These equilibria have the following features. The

intensity of truthful advertising (t��) chosen by the high-quality seller in equilibrium satis�es c0 (t��) =

p��=2, with t�� < 1, for any equilibrium price p��. Both sellers charge a price p�� 2 [0; p��], with

p�� = min f2�; p (�) ;E [�]g ;

where p (�) solves the incentive compatibility constraint of the low-quality seller as an equality � i.e.,

p��
1� t��
2

= p�� ��:

The buyer�s equilibrium strategy is the same as that stated in Lemma 2.

This result shows that whenever the game features pooling equilibria in which the buyer is deceived,

it also features pooling equilibria in which the buyer is not deceived. This multiplicity opens a selection

issue that we address in the next section, where we argue that there are plausible cases in which sellers

are likely to coordinate on the �deceptive�equilibria.

Notice that p� = 2� is a pooling equilibrium belonging to the equilibrium class just characterized:

at such a price low-quality sellers do not advertise and the buyer is never deceived. As noted earlier, we

have included this particular price in both classes of pooling equilibria for easiness of exposition.

Finally, notice that in these equilibria the sellers�expected pro�t is

��� (p��) =
1

2
[p�� � c (t��)] ; (18)

29Notice that, because of the Inada conditions, the high-quality seller has no incentive to fully cover the market � i.e.,
for c0 (1) su¢ ciently large, t < 1 for every p �E[�].
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while the buyer�s expected utility is

V �� (p��) = E [�]� p�� + �
2
t��: (19)

Using the same techniques as in the proof of Lemma 5, it can be veri�ed that the sellers�expected

pro�t ��� is increasing (resp. decreasing) in p�� if ~"t (p��) < 2 (resp. >) for every p�� 2 [0; 2�]. The
buyer expected utility is increasing in p�� if � is large enough, and decreasing otherwise. In fact, if �

is large enough, the impact of a higher price on the advertising premium dominates the negative direct

price e¤ect, and vice versa. Noteworthy, while in deceptive equilibria the advertising premium can be

either decreasing or increasing with respect to the equilibrium price (as stated in Proposition 2), in this

case it is unambiguously increasing.

7 Equilibrium selection and buyer�s welfare

Given the multiplicity of equilibria highlighted in the previous section, we now provide conditions under

which sellers prefer to coordinate on deceptive equilibria. Moreover, we study the implications of this

selection analysis on the buyer�s expected utility.

7.1 Selection

Recall that within every class of pooling outcomes discussed above there is a continuum of prices that

can be supported in equilibrium. To address the multiplicity issue, we �rst de�ne a selection criterion.

One reasonable hypothesis is that sellers select the equilibrium they will coordinate upon before knowing

their types. Accordingly, an intuitive selection criterion is that sellers coordinate on the equilibrium that

yields the highest expected (ex-ante) pro�t.30 Using this criterion, we will show that there are plausible

cases in which the selected equilibrium is the one in which the low-quality seller deceives the buyer.

Pooling with vs. pooling without deceptive advertising. In the previous section we have shown
that there exists a non-empty region of parameters in which separating equilibria do not exist (see

condition (17)). Instead, pooling equilibria with and without deceptive advertising always coexist. A

natural question is then which pooling equilibrium is selected between those with and without deception.

Comparing the expression of ��(p�) in (14) with that of ���(p��) in (18) is hard in general. The reason

is twofold. On the one hand, the class of pooling equilibria with positive deception features higher prices

relative to those with truthful advertising only. On the other hand, in these equilibria there is a higher

investment in advertising which tends to dissipate pro�ts. It is generally impossible to determine which

of these contrasting e¤ects dominates, unless more structure is imposed on the penetration cost c (�).
30This hypothesis can be rationalized with a standard repeated-game type of argument.
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Clearly, if the sellers�expected pro�t increases in price for both types of pooling equilibria � i.e., if

~"t (p) + ~"d (p) � 2 8p 2 [0; p�]; (20)

then sellers want to engage in deceptive advertising and select the highest equilibrium price.31 That is

max
p�2[2�;p�]

�� (p�) > max
p��2[0;2�]

��� (p��) : (21)

This is because �� (p�) = ��� (p��) at p� = p�� = 2�.32 According to Proposition 3 this happens when

the penetration cost is (globally) not too convex. This requirement is, however, too demanding in

applications as it forces � (x) to be small enough for all x 2 [0; 1]. In the next proposition we provide
milder conditions under which (21) is always met.

Proposition 6. If c000 (�) has a constant sign and (20) holds at p = 2�, then (21) is always met.

Noteworthy, Proposition 6 applies to the standard quadratic case � e.g., when c (x) = kx2=2 (see

the Appendix). Hence, in this case (which is often considered in applications) sellers unambiguously

prefer to coordinate on deceptive equilibria.

Pooling vs. separating equilibria. We now consider the region of parameters in which the game
features also separating equilibria. For simplicity, let us focus on the most interesting case in which

sellers prefer the pooling equilibrium with deception, and consider the �regular�case in which ��(p�) is

increasing in p�.

The sellers�expected pro�ts in a separating equilibrium are

�s =
�

2
:

Therefore, sellers prefer the pooling to the separating outcome if the following su¢ cient condition holds

�� (2�) � �s:

This leads us to the following result.

Proposition 7. Sellers prefer to coordinate on the pooling equilibrium with positive deception rather

than on the separating equilibrium if

�(�; �l) < � � 2�� c
�
c0�1 (�)

�
: (22)

31Recall that ~"d (p) = 0 for every p < 2�.
32Notice that equilibrium pro�ts are continuous yet not di¤erentiable at p� = 2�, as right and left derivatives at p� = 2�

are de�ned but di¤erent.
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The economic intuition behind this result is as follows: pooling equilibria in which the buyer is

deceived exist only if the quality di¤erential � is large enough as previously explained. Hence, the lower

bound. However, when this di¤erential becomes too large, the pro�t that a seller enjoys in a separating

equilibrium when she is of high-quality type becomes so large that, for higher ��s, sellers prefer to

coordinate on the separating outcome.

7.2 The buyer�s welfare

We now study what type of equilibrium maximizes the buyer�s expected utility (provided that sellers

selected the outcome that yields the highest expected pro�t). Again, we �rst compare the buyer�s

expected utility in the pooling equilibria with and without deception, and then discuss the separating

equilibrium.

The comparison between the buyer�s expected utility in (11) and in (19) is not easy in general. The

reason is that p� > p�� and t�� < t�: the pooling price is certainly lower when only the high-quality

seller advertises in equilibrium, but this also implies that the advertising premium that the buyer enjoys

might be larger when the selected equilibrium features deceptive advertising.

To get clear-cut predictions, we focus again on the quadratic example. In this case, regardless of the

type of pooling equilibrium, the sellers�expected pro�t is increasing in the price. Moreover, Proposition

2 implies that in the quadratic case � i.e., for c000 (�) = 0 � the buyer�s expected utility V � (p�) is always

decreasing in p�, so that:

V � (p�) < V � (2�) = V �� (2�) :

This inequality suggests that the buyer�s and the sellers�objectives are not aligned: the buyer prefers

not to be deceived, while sellers prefer to coordinate on the equilibrium with deceptive advertising.

As a consequence, a regulatory agency concerned with buyer protection, may want to ban deceptive

advertising and implement policies that raise the additional (marginal) cost � of airing a misleading

ad. This would force sellers to switch from the equilibrium with deceptive advertising to the one with

truthful advertising only. Formally, this can be done by setting � high enough to break condition (8) �

i.e.,

� >
k

2

"r
1 +

4�

k
� 1
#
:

In this case, within the class of symmetric equilibria without market breakdown, the unique solution of

the game is a pooling outcome with no deceptive advertising.

However, this policy implication is valid only in the region of parameters in which the game does not

feature separating equilibria. Indeed, if the separating equilibrium exists, destroying pooling equilibria

with deceptive advertising may not bene�t the buyer. This is so, in particular, if sellers coordinate

on the separating equilibrium (rather than on the pooling equilibrium without deception), and if the

buyer�s expected utility is lower at the separating than at the deceptive pooling equilibrium. Formally,
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this scenario emerges if

�s > max
p��2(0;2�]

��� (p��) ; (23)

and

V s < V � (p�) ; (24)

In the next proposition we show that there exists a non-empty region of parameters in which both

conditions are satis�ed.

Proposition 8. Suppose that c (x) = kx2=2. A su¢ cient condition for both (23) and (24) to hold is

� > max

�
�

2k
(4k � �) ; 4 k2

k + �

�
:

In the separating equilibrium, the seller who o¤ers the better product gets a premium that is increas-

ing with the quality di¤erential � � i.e., the high-quality seller exploits a sort of �monopolistic power�

to extract more surplus from the buyer. When this premium is large enough, the buyer may actually

prefer to be deceived with some probability rather than knowing the quality purchased in the separating

equilibrium. Hence, when the game features three types of equilibria, a policy that completely prevents

low-quality �rms from airing false claims may actually do worse than a laissez faire approach.

8 Endogenous sanctions

In the previous section we argued that it is relatively easy to construct examples in which a regulatory

agency concerned with buyer protection may not support a complete shut down of the pooling equilibria

with deceptive advertising. Here we highlight a di¤erent policy implication of our model. We show that,

if the (expected) sanction � can be endogenously chosen by such an agency, the policy that maximizes

the buyer�s expected utility is more lenient than the policy that maximizes total (expected) welfare.

Suppose that a regulatory agency can enforce a sanction � by paying the (increasing and convex)

enforcement cost e (�).33 We make the following simplifying assumptions. First, we consider the �regular�

case in which the sellers�expected pro�ts increase with the equilibrium price34 while the buyer�s expected

utility decreases with it. Hence, sellers prefer deceptive to non-deceptive equilibria. Moreover, we posit

that e0 (�) is large enough that the Authority never �nds it convenient to set � so high to completely
shut down equilibria with deceptive advertising.35 Finally, we assume that e00 (�) is large enough that
the buyer�s expected utility and total (expected) welfare, net of the enforcement cost, are single peaked

33Such cost re�ects the Authority�s prosecution e¤ort or, in other words, the cost of building a given deterrence power.
34This means that sellers always prefer the pooling equilibrium with deceptive advertising to that with truthful advertising

only, and that they charge the maximal pooling price. The result still holds if they coordinate on any price strictly lower
than that.
35Formally, this requires e0 (�) to be large enough at � such that condition (8) holds as equality. However, an alternative

assumption is that � cannot exceed the actual damage caused to the buyer, that is, the quality di¤erential �. In fact, it is
easy to verify that condition (8) still holds at � = �.

26



with respect to �.36

The Authority announces (and commits to) an expected sanction � at the outset of the game. The

timing is otherwise unchanged. Consider �rst a policy that maximizes the buyer�s expected utility net

of the enforcement cost � i.e.,

V � (p�)� e (�) � E [�]� p� + �
2
[t� (p�)� d� (p�; �)]� e (�) ; (25)

where, for the sake of clarity, we have made explicit the link between the advertising intensities, the

equilibrium pooling price and the expected �ne � through the functions t�(p�) and d�(p�; �).

Di¤erentiating with respect to �, it is easy to verify that the expected sanction that maximizes (25)

(say �b) solves the following �rst-order condition

@p�

@�

�
�1 + �

4

@

@p�
[t� (p�)� d� (p�; �)]

�
| {z }

�0

� �
4

@d� (p�; �)

@�| {z }
<0

= e0 (�) ; (26)

Equation (26) shows that the impact of � on the buyer�s expected utility has two main e¤ects (going

in the same direction). First, increasing the cost of deceptive advertising tends to reduce the maximal

pooling prices, which, other things being equal, makes the buyer better-o¤ since we have assumed that

his expected utility is decreasing in the equilibrium price. Second, when � increases, the intensity of

deceptive advertising chosen by the low-quality seller diminishes, which tends to increase the advertising

premium and to make the buyer better-o¤. Clearly, the sum of these two e¤ects needs to be traded o¤

with the enforcement cost.

Next, consider an Authority that is concerned with total (expected) welfare � i.e., the sum of the

buyer�s expected utility and the sellers�expected pro�ts plus the (expected) revenue �d� collected from

the low-quality sellers (which we assume to be redistributed to the society and not necessarily to the

buyer through, e.g., the provision of public goods). Formally:

W (p�; �) = E [�] +
�

2
[t� (p�)� d� (p�; �)]� c (t� (p�))� c (d� (p�; �))� e (�) :

Clearly, the equilibrium price has no direct impact on total welfare: it is just a monetary transfer

between the buyer and the sellers. Di¤erentiating with respect to �, it is easy to verify that the sanction

which maximizes total welfare (say �w) solves the following �rst-order condition

e0 (�) =
@p�

@�

�
�

4

@

@p�
(t� (p�)� d� (p�; �))

�
� �
4

@d� (p�; �)

@�
�

@p�

@�

�
c0 (t� (p�))

@t� (p�)

@p�
+ c0 (d� (p�; �))

@d� (p�; �)

@p�

�
� c0 (d� (p�; �)) @d

� (p�; �)

@�
:

36 It can be veri�ed that all these conditions can be jointly satis�ed in the quadratic example developed above.
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A higher � not only impacts the advertising premium (as discussed above), but it also a¤ects the total

costs of advertising. These costs decrease because the maximal pooling price p� is (weakly) decreasing

in �, and the advertising intensities decrease if the equilibrium price becomes lower.

Proposition 9. Buyer protection requires less enforcement than welfare maximization � i.e., �b < �w.

This result o¤ers the surprising prediction that the more an Authority cares about buyers, the less

it should protect them from deceptive advertising. The reason is that the buyer does not internalize the

cost saving e¤ect of an increased sanction �, which may induce sellers to invest less in advertising.

9 Extensions

This section provides two extensions of the baseline model. First, we show that the main qualitative

features of the equilibrium with deceptive advertising characterized in the baseline model extend to a

framework in which the sellers�types are imperfectly correlated. Second, we show that the game may

also feature pooling equilibria with market breakdown � i.e., outcomes in which the buyer purchases one

of the items on sale only in some states. We �nd su¢ cient conditions under which the main conclusions

of the baseline model are with no loss of insights.

9.1 Weakly correlated types with private information

In this section we show that the characterization of the equilibria with deceptive advertising provided

in Proposition 1 survives when the two types of sellers are not perfectly correlated.

We relax the assumption that types are perfectly negatively correlated by assuming that one seller

provides a high-quality good, observable by the rival, and the rival has private information on its own

good quality. The probability that the latter provides a low-quality good is %. As before, the buyer

cannot distinguish the quality of sellers. Notice that in this extended version of the game there are three

types of sellers: the surely high-quality seller, denoted by H, the probabilistically high-quality seller,

denoted by h, and the low-quality seller, denoted by l. Hence, with probability (1� %) both sellers
provide high-quality goods and do not deceive the buyer. We denote their advertising strategies as tH
and th respectively. Finally, with probability % there is a low-quality seller whose deceptive advertising

strategy is denoted by d.

Even though this model is more general than the perfectly correlated type one, the results are

substantially the same. We summarize them in the following proposition.

Proposition 10. When the sellers� types are not perfectly (negatively) correlated there exists a set of
(symmetric) weak PBE in which trade occurs with certainty, sellers charge the same price (p�), and

the low-quality �rm deceives the customer (d� > 0) if and only if � > �(�; �l). The equilibrium

characterization is identical to that of Proposition 1. Both sellers charge a price p� 2 [2�; p�]. The
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maximal pooling price that can be charged in these equilibria is:

p� = min fp (�;�) ;E [�]g

where p (�;�) is de�ned exactly as in Proposition 1.

For any p� 2 [2�; p�], the equilibrium advertising strategies are such that t�H = t
�
h = t

� > d� � 0 and
t� and d� satisfy the �rst-order conditions stated in Lemma 3. The buyer�s equilibrium strategy is the

same as that stated in Lemma 2.

Hence, the characterization of deceptive equilibria is robust to the introduction of imperfect corre-

lation between sellers� types. The only notable di¤erence is that the equilibrium pro�t of the surely

high-quality seller, type H, is now increasing in the probability, %, that the opponent sells a low-quality

item � i.e. has type l.37 This is because a low-quality seller advertises less strongly in equilibrium than

a high-quality seller, thereby increasing the chances that the surely high-quality seller, H, makes the

sale. Indeed, as % tends to 1, the model reverts to the perfectly correlated one and equilibrium pro�ts

converge to those characterized in (12) and (13).

9.2 Equilibria with market breakdown

In this section we brie�y discuss the class of equilibria in which the buyer refrains from purchasing

in some states: the market breaks down. For brevity, we consider again the quadratic example and

assume that sellers�qualities are perfectly (negatively) correlated. Out-of-equilibrium beliefs are as in

A1. We want to show that there exists a non-empty region of parameters in which equilibria with market
breakdown do not exist, but the game features equilibria of the type described in Section 5.

Consider a candidate equilibrium in which the low-quality seller�s deceptive advertising is ~d > 0 while

the high-quality seller invests ~t in truthful advertising. Let ~p be the equilibrium price. Suppose that in

this equilibrium the market breaks down in some states of nature � i.e., there exists at least a pair of

signals (si; sj) such that

~p > E [�jsi; sj ] ;

otherwise trade would occur with probability 1. Given the buyer�s posteriors de�ned in equations (1)-(4),

this outcome can occur only if

~p > E [�j?;?] = E [�jh; h] = �l +
�

2
;

and ~p �E[�jh;?] < �h, otherwise there would be full market breakdown (which clearly cannot be an

equilibrium outcome).

Following the logic developed throughout the paper, it is easy to show that in every (symmetric)

pooling equilibrium with market breakdown the buyer�s strategy satis�es the following properties: (i)

37See the Appendix for details of this comparative statics.
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symmetry � i.e., ~�i (s; s0) = ~�j (s; s
0) for every (s; s0); (ii) when the buyer receives only one ad he buys

from the seller who has aired that ad � i.e., ~�i (h;?) = 1 (resp. 0) if and only if ~t > ~d (resp. <); and

(iii) when the buyer receives two identical signals he does not purchase the item � i.e., ~�i (s; s) = 0.

The economic intuition of this result is as in Lemma 2: since sellers are ex-ante identical, a symmetric

equilibrium exists if and only if the buyer treats them symmetrically at the interim stage. The only

remarkable di¤erence is point (iii): the buyer does not purchase the item when he receives two identical

signals. Hence, for any price ~p charged in equilibrium, the sellers�pro�ts are

~�h (~p) = ~p(1� ~d)~t� k
2
~t2;

~�l (~p) = ~p(1� ~t) ~d� k
2
~d2 � � ~d:

The �rst-order conditions with respect to ~t and ~d are, respectively

~p(1� ~d) = k~t;

~p
�
1� ~t

�
= k ~d+ �:

These conditions highlight an important di¤erence with the analysis developed so far: truthful and

deceptive advertising are strategic substitutes � i.e., when ~d increases, ~t must decrease and vice versa.

To rule out equilibria with corner solutions we impose the intuitive su¢ cient condition �h < k, so

that ~p < �h < k. This implies that at an interior solution

~t =
~p

k + ~p
+

~p�

(k � ~p) (k + ~p) ;

~d =
~p

k + ~p
� �k

(k � ~p) (k + ~p) ;

where it can be readily veri�ed that 1 > ~t > ~d. An interesting di¤erence with the previous analysis is

that ~d > 0 if and only if ~p 2 (~p0; ~p1), with

~p0 =
k �

p
k (k � 4�)
2

<
k +

p
k (k � 4�)
2

= ~p1;

which are de�ned only if � < k=4. Hence, the low-quality seller has an incentive to invest in deceptive

advertising if and only if the equilibrium price is neither too low nor too high. The reason is simple. If

the equilibrium price is too small, the low-quality seller has no incentive to invest in deceptive advertising

(as seen before). However, when the market breaks down, the sellers�advertising choices are strategic

substitutes. Hence, if the equilibrium price is too high, the high-quality seller�s investment in truthful

advertising crowds out the low-quality seller�s incentive to advertise. Therefore, in order to have deceptive
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advertising in equilibrium, the pooling price must be not too large. Equilibrium pro�ts are

~�h (~p) =
k~p2

2 (k + ~p)2 (~p� k)2
(k � ~p+ �)2 ;

~�l (~p) =
k~p2

2 (k + ~p)2 (~p� k)2

�
k � ~p� k

~p
�

�2
;

where it is easy to verify that ~�h (~p) > ~�l (~p) in the region of parameters under consideration. Hence,

the equilibrium characterization follows the same steps as in Section 5. That is, the relevant incentive

constraint to consider is that of the low-quality seller � i.e.,

~�l (~p) =
k~p2

2 (k + ~p)2 (~p� k)2

�
k � ~p� k

p
�

�2
� �d(~p) = ~p��: (27)

As long as this inequality de�nes a non-empty set, the outcome described so far is a weak PBE.

Notice that ~�l (~p) = 0 for ~p = ~p0. Moreover, in the region of parameters under consideration, it can

be veri�ed that ~�l (~p) is an increasing function of ~p and @~�l (~p) =@~p < 1. Hence, a su¢ cient condition

under which equation (27) de�nes an empty set is,

� < ~� (�) � k �
p
k (k � 4�)
2

;

meaning that �d(~p) > 0 at ~p = ~p0. This suggests that, as long as �(�; �l) < ~� (�), there exists a non

empty region of parameters such that the game features a pooling equilibrium in which trades occurs

with certainty, but not an equilibrium with market breakdown. For example, if

�(�; �l) = 2 (2�� �l) ;

it is easy to verify that ~� (�) � �(�; �l) = 2�l > 0. Hence, in this region of parameters the analysis

developed so far apply without loss of insights.

10 Concluding remarks

We studied a simple game in which two sellers supplying experience goods of di¤erent quality can induce

a perspective buyer into a bad purchase through (costly) deceptive advertising. The core contribution of

the paper is the characterization of a class of pooling equilibria in which low-quality sellers deceive a buyer

that is Bayes-rational and makes his purchase decision on the basis of the available information. Although

in these outcomes low-quality goods are purchased with positive probability, the buyer�s expected utility

can be higher than in a fully separating equilibrium in which he purchase the high-quality good for sure.

This relies on a novel pro-competitive e¤ect due to the buyers�ignorance about sellers�product qualities.

It is also shown that, under general conditions, within the class of equilibria in which the buyer is deceived,
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Pareto e¢ ciency may require relatively high prices � i.e., the buyer may prefer higher prices than the

minimum price within that class. Moreover, although the game may feature other types of equilibria that

entail no deceptive advertising (requiring either pooling or separating behavior at the pricing stage) we

provide su¢ cient conditions under which sellers are more likely to coordinate on equilibria with wasteful

deceptive advertising. Finally, as a normative exercise, we have analyzed a simple policy that involves

the enforcement of deterrence e¤ort against misleading and deceptive conducts. We found that total

welfare maximization requires stronger deterrence relative to consumer welfare maximization.
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Appendix

Proof of Lemma 1. Assume there exists an equilibrium in which sellers separate on the price dimension.
Note that in a separating equilibrium of our game the information about quality is conveyed by prices, so
ads have no informative content. Hence, sellers optimally set zero coverage at a separating equilibrium
because ads are costly and the advertising strategies t and d are not directly observable. Suppose indeed
a separating equilibrium exists in which a seller advertises with some coverage (lower than one, because
of the Inada conditions). Then, if she reduces the coverage, she saves on costs while leaving unaltered
the buyer�s perception about her quality, which is solely based on prices. �
Proof of Lemma 2. Point (i) follows directly from the fact that the equilibrium is symmetric and
sellers are ex-ante identical in the buyer�s eyes. Point (ii) follows straight from observing that

Pr (�i = �hjsi = h; sj = ?;p) > 1
2 > Pr (�j = �hjsi = h; sj = ?;p)

Pr (�i = �hjsi = ?; sj = h;p) < 1
2 < Pr (�j = �hjsi = ?; sj = h;p)

)
, t� > d�:

Point (iii). To organize the proof it is convenient to let the buyer make the conjecture that t� > d� in
equilibrium: being aware of the extra cost of deception �, a rational buyer anticipates that a low-quality
seller will optimally choose a lower ads coverage than her high-quality rival. Such a conjecture, which
we will verify ex-post, allows us to derive straightforwardly sellers�expected demands. The conjecture
above is not necessary for the proof, as we will argue below, yet it permits a lighter treatment.

Given a pooling equilibrium price p with ti 2 (0; 1) and di 2 (0; 1) for i 2 f1; 2g, and denoting by
� (�) = (�1 (s1; s2) ; �2 (s2; s1)) with �1 (s1; s2) + �2 (s2; s1) = 1 the purchasing strategy of the buyer,
expected demands for the high-quality seller, say seller 1, and the low-quality seller, 2, are

D1 (t1; t2; d1; d2;� (�)) = �1 (h; h) t1d2 + t1 (1� d2) + �1 (?;?) (1� t1) (1� d2) ;
D2 (t1; t2; d1; d2;� (�)) = (1� �1 (h; h)) t1d2 + (1� t1) d2 + (1� �1 (?;?)) (1� t1) (1� d2) ;

where �1 (h; h) (resp. �1 (?;?)) is the the probability that the buyer purchases from seller 1 when he
observes two ads (resp. no ads); we have used point (ii) and the buyer�s equilibrium conjecture t� > d�

to set �1 (h;?) = 1 and �1 (?; h) = 0. Expected pro�ts are

�1 (t1; t2; d1; d2;� (�)) = D1 (t1; t2; d1; d2;� (�)) p� c (t1) ;
�2 (t1; t2; d1; d2;� (�)) = D2 (t1; t2; d1; d2;� (�)) p� c (d2)� �d2;

and the system of �rst-order conditions is

c0 (t1) = [�1 (h; h) d2 + (1� d2) (1� �1 (?;?))] p;
c0 (d2) = [(1� �1 (h; h)) t1 + �1 (?;?) (1� t1)] p� �;

where, for ease of exposition, we omit the argument p from t1 (p) and d2 (p). To pin down the buyer�s
equilibrium strategies, �1 (h; h) and �1 (?;?), take the alternative event that seller 1 has low quality
and seller 2 has high quality. In this case, expected demands are de�ned similarly and the �rst-order
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conditions are

c0 (t2) = [(1� �1 (h; h)) d1 + (1� d1)�1 (?;?)] p;
c0 (d1) = [�1 (h; h) t2 + (1� �1 (?;?)) (1� t2)] p� �:

Because of symmetry, in equilibrium it must hold t1 = t2 = t and d1 = d2 = d, which implies c0 (t1) =
c0 (t2) = c0 (t) and c0 (d1) = c0 (d2) = c0 (d), yielding, respectively

c0 (t) =

(
[�1 (h; h) d+ (1� �1 (?;?)) (1� d)] p
[(1� �1 (h; h)) d+ �1 (?;?) (1� d)] p

; (A1)

c0 (d) =

(
[(1� �1 (h; h)) t+ �1 (?;?) (1� t)] p� �
[�1 (h; h) t+ (1� �1 (?;?)) (1� t)] p� �

: (A2)

Notice �rst that t > d follows from (A1) and (A2) and the fact that c (�) is increasing. Which is consistent
with the conjecture made earlier. Further, a slight manipulation of (A1) and (A2), yields, respectively

d (1� 2�1 (h; h)) = (1� d) (1� 2�1 (?;?)) ;
t (1� 2�1 (h; h)) = (1� t) (1� 2�1 (?;?)) :

This system of equations is veri�ed for generic �1 (h; h) and �1 (?;?) only if t = d, which violates (A1)
and (A2). Hence, it must be �1 (h; h) = �1 (?;?) = 1

2 , which solves the system for any t and d. This
establishes that ��i (s; s) = 1=2 for every i 2 f1; 2g.

Going back to the conjecture t� > d�, it is clear from the above arguments that the opposite con-
jecture, t� < d�, would lead to a contradiction at the seller�s optimization stage making the system of
�rst-order conditions impossible to solve. For brevity, we omit the formal proof of the last statement.
In conclusion, we have shown that, for � > 0, the only possible equilibrium outcome is such that t� > d�

and ��i (s; s) = 1=2. Which concludes the proof of Lemma 2. �
Proof of Lemma 3. Using the results of Lemma 2, the �rst-order conditions of a high- and a low-quality
seller at a symmetric pooling equilibrium become, respectively

c0 (t�) =
p�

2
;

c0 (d�) =
p�

2
� �;

which, because c (�) is increasing and satis�es Inada conditions, clearly proves points (i), (ii) and (iii) of
the lemma. As to point (iv) � which states that the pro�ts of a high-quality seller, ��h, are higher than
those of a low-quality seller, ��l � notice that, if a symmetric pooling equilibrium with price p� > 2�
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exists, the following chain of inequalities holds

��h =
p�

2
(1 + t� � d�)� c (t�)

>
p�

2
� c (d�)

� p�

2
� c (d�)� �d�

>
p�

2
(1� t� + d�)� c (d�)� �d� = ��l ;

where the �rst inequality follows from setting t� = d� and considering that this violates the optimality
condition on the high-quality seller�s pro�ts, the second from the fact that d� � 0 (because p� � 2�) and
the third follows from observing that t� > d�. Thus

��h > �
�
l :

Finally, to prove point (v), note that the buyer�s expected utility from purchasing is minimal whenever
he observes two identical ads or no ads at all. In such cases it equals the unconditional expectation E[�].
Thus, if the customer buys under these circumstances, as implied by condition p� �E[�], then he will
always purchase in a pooling equilibrium with price equal to p� and the market does not break down.
This concludes the proof of Lemma 3. �
Proof of Proposition 1. Consider a symmetric pooling equilibrium in which sellers post the same
price p� and the market never breaks down. By Lemmas 2 and 3, if it exists, a pooling equilibrium with
deceptive advertising features ��i (h; h) = ��i (?;?) =

1
2 , �

�
i (h;?) = 1 and ��i (?; h) = 0, advertising

strategies are t� = c0�1
�
p�

2

�
and d� = c0�1

�
p�

2 � �
�
, and the price satis�es p� � 2�. To prove existence

we still have to prove that the buyer is willing to purchase at price p� (buyer�s participation constraint)
and that sellers make non negative pro�ts (sellers�participation constraints) and are willing to charge
the equilibrium price p� rather than a di¤erent price (sellers�incentive compatibility constraints).

As proved in Lemma 3, the buyer�s participation constraint requires that, when he observes signals
(si; sj) 2 f(h; h) ; (?;?)g and his posteriors are 50-50, his expected utility from buying seller i�s product
exceeds the price. The buyer�s participation constraint is then satis�ed as long as

p� � E [�] , � � 2 (p� � �l) ;

which, because p� � 2�, yields the necessary condition

� � 2 (2�� �l) : (A3)

Next, we analyze the seller�s constraints. We have argued in the text that deviation pro�ts do not
depend on the type of the deviating �rm. Notice �rst that a deviation must involve a change in price
because advertising intensities are not directly observable and are chosen optimally. Hence, a seller�s
deviation that entails a change of the advertising intensity without altering the price would only reduce
pro�ts. As a consequence, a deviation must involve a price change to pd 6= p�.
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Under A1, a buyer observing the o¤-equilibrium price pd perceives the seller�s good as low-quality
and is thus ready to buy from her at a price no larger than p� � � � i.e. the pooling price at which
he believes he can purchase a high-quality good discounted by the quality di¤erential �. Hence, a seller
willing to deviate must price at pd � p� ��. Notice further that, under A1, advertising does not a¤ect
expected demand out of the equilibrium path and the best deviation a seller can choose is to charge a
price pd = p��� and stop advertising altogether. Thus, the highest pro�t guaranteed by a deviation is

�d (p�) = p� ��;

which, as argued above, do not depend on the type of deviating seller. We should now notice that
Lemma 3 implies that the expected pro�t of a high-quality seller is always higher than that of a low-
quality seller at a symmetric pooling equilibrium. Thus, whenever a low-quality seller does not want to
deviate, the high-quality seller does not deviate too. This implies, in turn, that the incentive compati-
bility constraint which is harder to meet is always that of the low-quality seller. Analogously, whenever
the pro�t of the low-quality seller is non-negative, the pro�t of the high-quality seller is strictly positive,
so we can focus on the participation constraint of the low-quality seller.

Summarizing, an equilibrium pooling price p� must satisfy the incentive and the participation con-
straints of the low-quality seller � i.e.,

��l �
p�

2
[1� t� + d�]� c (d�)� �d� � max f0; p� ��g :

We start by proving that the participation constraint is satis�ed for any p� and, a fortiori, for p� � 2�.
By optimality, this follows from

��l �
p�

2
[1� t�] > 0; (A4)

where p
�

2 [1� t
�] is the pro�t of a low-quality seller at the pooling price p� when she sets deception level

d = 0 and the strict inequality follows from 0 < t� < 1 by the Inada condition � i.e., c0 (1) large enough.
Clearly, choosing optimally the advertising level, she can improve on the minimum pro�t of (A4). Thus,
the only relevant constraint is the incentive compatibility one � i.e.,

��l �
p�

2
[1� t� + d�]� c (d�)� �d� � p� ��: (A5)

We can immediately argue that, if 2� < �, any price p� 2 [2�;�] trivially satis�es this inequality:
indeed deviation pro�ts are negative � i.e. p� �� � 0. Hence, the maximal pooling price that satis�es
(A5), p (�;�), must be greater than �.

Let�s thus focus on the most interesting case in which 2� � � and prove that, in this region of
parameters, the incentive compatibility constraint is satis�ed for p� 2 [2�; p (�;�)] and that p (�;�) is
unique. To this purpose, we will show that (A5) de�nes a non-empty set if the following conditions are
satis�ed:

1. ��l jp�=2� > 2���;

2. @��l
@p� < 1 for any p

�.
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Essentially, point 1 implies that (A5) is satis�ed at the minimum price p� = 2�, while point 2 implies
that (A5) is satis�ed as an equality by a unique price p (�;�). We proceed point by point.

1. When p� = 2�, (A5) is satis�ed if

��l jp�=2� = �
�
1� c0�1 (�)

�
� 2���:

which yields the necessary condition for (A5) to be satis�ed at the minimum price , i.e.

� � �
�
1 + c0�1 (�)

�
: (A6)

2. For any p�, the derivative of the low-quality seller�s pro�t is

@��l
@p�

=
1

2
(1� t� + d�)� p

�

4

1

c00 (t�)

which is clearly lower than 1 because 0 < d� < t� < 1 and c00 (�) > 0.

Finally, de�ne
p� = min fp (�;�) ;E [�]g ;

where p (�;�) is the unique solution to
��l = p

� ��:

Then, equation (A4), point 1 and point 2 taken together imply that the pooling prices of deceptive
equilibria are p� 2 [2�; p�]. In particular, equilibrium deceptive advertising d� is strictly positive as long
as p� > 2�. Vice versa, it is apparent that, if (A3) and (A6) are satis�ed with strict inequality, any price
equal to 2� + � is a pooling equilibrium featuring positive deception provided � > 0 is small enough.
This concludes the proof. �
Proof of Corollary 1. Clearly, when p� =E [�], the maximal price increases with E [�] and, because
E [�] = �l + �

2 , with �. When, instead, p
� = p (�;�), the result that p� increases with � and decreases

with � follows immediately by a straightforward application of the Implicit Function Theorem. �
Proof of Lemma 4. Notice that, for p� 2 [2�; p�], it holds

@V � (p�)

@p�
= �1 + �

2

�
@t�

@p�
� @d

�

@p�

�
;

which can be rewritten as
@V � (p�)

@p�
= �1 + �

2p�
[~"t (p

�)� ~"d (p�)] ;

from which the result follows immediately. �
Proof of Proposition 2. Notice �rst that

@V � (p�)

@p�
= �1 + �

4

�
1

c00 (t�)
� 1

c00 (d�)

�
; (A7)
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which is clearly negative whenever c000 (�) � 0 because c00 (t�) � c00 (d�). Hence, because we focus on
pooling equilibria with p� � 2�, it follows that V � (p�) is maximized at p� = 2�.

Suppose instead that c000 (�) < 0. Then, to show that the price maximizing V � (p�) is above 2� it
su¢ ces to show that @V

�(p�)
@p� > 0 at p� = 2� � i.e., rearranging (A7),

@V � (p�)

@p�

����
p�=2�

> 0 , � >
4c00 (d�) c00 (t�)

c00 (d�)� c00 (t�)

����
p�=2�

:

This completes the proof. �
Proof of Lemma 5. Notice that, for p� 2 [2�; p�], it holds

@�� (p�)

@p�
=
1

2

�
1� 1

2

�
c0 (t�)

c00 (t�)
+
c0 (d�) + �

c00 (d�)

��
;

which can be rewritten as
@�� (p�)

@p�
=
1

2

�
1� 1

2
(~"t (p

�) + ~"d (p
�))

�
;

from which the result follows immediately. �
Proof of Proposition 3. Noticing that

~"t (p
�) =

c0 (t�)

c00 (t�)
and ~"d (p

�) =
c0 (t�)

c00 (d�)
;

it is easy to show that
@��

@p�
> 0 , � (t�) < 2

c00 (d�)

c00 (t�) + c00 (d�)
:

Now de�ne

r � min
0�d�<t�<1

2
c00 (d�)

c00 (t�) + c00 (d�)
;

R � max
0�d�<t�<1

2
c00 (d�)

c00 (t�) + c00 (d�)
;

and notice that, because c00 (x) > 0 for all x 2 [0; 1], r and R are well de�ned. Then, clearly, a su¢ cient
condition for ��h and �

�
l to be increasing (resp. decreasing) in p

� is that � (x) < r (resp. � (x) > R) for
all 0 � x < 1. �
Proof of Corollary 2. Consider pooling equilibria. By Proposition 2, c000 (�) < 0 implies that the buyer�s
surplus is maximized at a price larger than 2�, while seller�s preferred price is the highest possible price
because � (x) < r for every x 2 [0; 1]. Thus, any price p < 2� cannot be Pareto e¢ cient. �
Proof of Proposition 4. Clearly, given A2, the high-quality seller does not want to deviate: charging
a price above � makes the buyer prefer purchasing from the low-quality seller at price 0, while pricing
below simply reduces pro�ts. Likewise, advertising has no e¤ect other than increasing costs. As to the
low-quality seller, as argued in the text, the only meaningful deviation given A2 is to price at � and
optimally set ads given that the high-quality seller, sticking to the equilibrium strategy, will set no ads.
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In particular, again by A2, it is optimal not to advertise o¤-equilibrium. In this case, deviation pro�ts
of the low-quality seller are

�dl =

(
�
2 , E [�] � �
0 , E [�] < �

:

where the �rst raw (resp. second) applies when the buyer�s participation constraint o¤-equilibrium does
not (resp. does) bind. Clearly, a separating equilibrium exists if and only if condition (16) is met. �
Proof of Proposition 5. The proof follows exactly the same lines of that of Proposition 1 with the
only di¤erence that, because p�� � 2�, the optimal coverage chosen by a low-quality seller is d�� = 0

and thus the message (si; sj) = (h; h) is never received in equilibrium. �
Proof of Proposition 6. Focus �rst on prices p�� 2 [0; 2�]. Then ��� (p��) is increasing for all p�� if
and only if

~"t (p
��) < 2 8p�� 2 [0; 2�]

which is true if

max
t��2[0;c0�1(�)]

c0 (t��)

c00 (t��)
< 2:

Notice that, because c00 (t��) > 0 for all t��, c000 (�) has a constant sign, and c0 (t��) = � when t�� = c0�1 (�),
the above condition can be rewritten as

� < 2min
�
c00 (0) ; c00

�
c0�1 (�)

�	
: (A8)

Let�s now focus on p� � 2� and study the marginal increase of �� (p�) in a right-neighborhood of p� = 2�.
We will show that, if pro�ts are increasing locally at p� = 2� � i.e. ~"t (2�) +~"d (2�) < 2 � then pro�ts
are also increasing for prices below 2� � i.e. (A8) holds. Pro�ts are increasing at p� = 2� if

~"t (2�) + ~"d (2�) = �

�
1

c00 (c0�1 (�))
+

1

c00 (0)

�
< 2 , � < 2

c00
�
c0�1 (�)

�
c00 (0)

c00 (c0�1 (�)) + c00 (0)
: (A9)

Finally notice that (A9) implies (A8). In fact (A9) can be rewritten as

� < 2min
�
c00 (0) ; c00

�
c0�1 (�)

�	 max�c00 (0) ; c00 �c0�1 (�)�	
c00 (0) + c00 (c0�1 (�))

< 2min
�
c00 (0) ; c00

�
c0�1 (�)

�	
;

where the latter inequality proves the claim. �
Proof of Proposition 7. First, notice that sellers can coordinate on a pooling equilibrium only if
�(�; �l) < � (see Proposition 1). Second, a su¢ cient condition for sellers to be willing to coordinate
on a pooling equilibrium with deception rather than on a separating equilibrium is �� (2�) > �s � i.e.,

2�� c
�
c0�1 (�)

�
2

>
�

2
;

which, together with the former condition, completes the proof.
Of course, condition (22) may de�ne an empty set. To show that there are cases in which this

condition is not vacuous, consider the case in which the penetration cost is quadratic, c (x) = kx2=2.
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Under this speci�cation one can show (see the �Quadratic cost function�paragraph at the end of the
Appendix) that

�� (2�)� �s = �

2k
(4k � �)� �

2
> 0 , � <

�

2k
(4k � �) : (A10)

This inequality is compatible with condition (8) that guarantees the existence of pooling equilibria with
deceptive advertising. For example, in the region of parameters in which �l is such that

�(�; �l) =
�

k
(k + �) ;

then (8) and (A10) are jointly satis�ed as long as

�

k
(k + �) < � <

�

2k
(4k � �) ; (A11)

which is always non-empty if � � 2
3k. �

Proof of Proposition 8. Let�s �nd �rst a su¢ cient condition for (23). Notice that

��� (p��) =
p�

2

�
1� p�

8k

�
and

max
p��2(0;2�]

��� (p��) = �

�
1� �

4k

�
:

So, recalling that �s = �
2 ,

�s > max
p��2(0;2�]

��� (p��) , � >
�

2k
(4k � �) ;

which de�nes a lower bound for �.
Let�s now turn to the su¢ cient condition for (24). Notice that V s = �l, while

V (p�) = E [�]� p� + �
2

�

k

= �l +
�

2

�
1 +

�

k

�
� p�

> �l +
�

2

�
1 +

�

k

�
� 2k

where the inequality comes from the Inada conditions (in fact, as shown in the �Quadratic cost function�
paragraph at the end of the Appendix, t� = p�

2k < 1 , p� < 2k). Thus, a su¢ cient condition for
V s < V (p�) is

�l < �l +
�

2

�
1 +

�

k

�
� 2k , � > 4

k2

k + �
;

43



which de�nes another lower bound for �. Thus, conditions (23) and (24) are jointly met if

� > max

�
�

2k
(4k � �) ; 4k

2

k + �

�
:

this concludes the proof. �
Proof of Proposition 9. To begin with, notice that from the �rst-order condition (26)

e0
�
�b
�
=
@p�

@�

�
�1 + �

4

@

@p�
[t� (p�)� d� (p�; �)]

�
� �
4

@d� (p�; �)

@�

����
�=�b

:

Next, substituting this expression into the �rst-order condition of the total welfare maximization problem
evaluated at �b one can immediately verify that

dW (p�; �)

d�

����
�=�b

= �2@p
�

@�

@�� (p�; �)

@p�
� c0 (d� (p�; �)) @d

� (p�; �)

@�

����
�=�b

:

Recall that we have assumed that @�� (p�; �) =@p� > 0 for every p�. Moreover, from the �rst-order
condition (7) it follows that @d� (p�; �) =@� < 0. Hence, since @p�=@� � 0 from Corollary 1, it follows
that

dW (p�; �)

d�

����
�=�b

> 0:

Hence, by concavity of W (p�; �) with respect to �, it follows that �b < �w. �
Proof of Proposition 10. Given that we wish to prove existence, we simplify the proof of this extension
with respect to that of Proposition 1. We assume that the equilibrium is that described in the proposition
and then prove that actually it is an equilibrium. By Bayes�rule and using symmetry, the equilibrium
beliefs are

Pr (�i = �ljh; h;p�) =
1

2

%d�

(1� %) t�h + %d�
;

Pr (�i = �lj?; h;p�) =
%t�H (1� d�)�

t�h (1� %) + %d�
� �
1� t�H

�
+
�
1� t�h (1� %)� %d�

�
t�H
;

Pr (�i = �ljh;?;p�) =
% (1� t�H) d��

t�h (1� %) + %d�
� �
1� t�H

�
+
�
1� t�h (1� %)� %d�

�
t�H
;

Pr (�i = �lj?;?;p�) =
1

2

% (1� d�)
1� (1� %) t�h � %d�

:

Notice that
Pr (�i = �ljh;?;p�) < Pr (�i = �lj?; h;p�) ; (A12)

if and only if t�H > d
�. That is, it is more likely that the seller has low quality if she does not post an

ad, rather than if she does, provided that the surely high-quality seller does more advertising than the
low-quality one. If this last condition holds, it is more likely that a seller is of bad quality if the buyer
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does not observe any ad rather than in the case he observes an ad from each seller, that is,

Pr (�i = �lj?;?;p�) > Pr (�i = �ljh; h;p�) :

Let us now determine the optimal advertising strategies of the sellers. Given the behavior strategy of
the buyer, expected pro�ts of a seller with type, respectively, H, h and l are

�H =
1

2
(1 + tH � %d� (1� %) th) p� c (tH) ;

�h =
1

2
(1 + th � tH) p� c (th) ;

�l =
1

2
(1 + d� tH) p� c (d)� �d;

and the system of �rst-order conditions is

c0 (t�H) =
p�

2
; c0 (t�h) =

p�

2
; c0 (d�) =

p�

2
� �;

it turns out that it must be

c0 (t�) =
p�

2
; c0 (d�) =

p�

2
� �;

where t�H = t
�
h = t

�. Notice that t� > d�, and hence (A12) is satis�ed. Thus, equilibrium pro�ts are

��H =
p�

2
(1 + % (t� � d�))� c (t�) ;

��h =
p�

2
� c (t�) ;

��l =
p�

2
(1� t� + d�)� c (d�)� �d�;

with ��H > �
�
h > �

�
l . The �rst inequality is trivial. As for the second, notice that using repeatedly the

�rst-order conditions for the advertising strategies we have

��h � ��l = �c (t�) + c0 (t�) t� + c (d�)� c0 (d�) d� > 0;

where the last inequality is equivalent to

c (d�)� c0 (d�) d� > c (t�)� c0 (t�) t�;

which is satis�ed because t� > d� and c (x) � xc0 (x) is decreasing in x � since its �rst derivative is:
�c00 (x)x < 0.

Now we have to check the buyer�s strategies. Given the assumption of symmetry, whenever the buyer
receives the same signal (high-quality or no signal) he is indi¤erent between the two sellers. Hence, any
probability distribution about purchases is an equilibrium one, provided that the participation constraint
is satis�ed. In particular, ��i (h; h) = �

�
i (?;?) =

1
2 for every i = 1; 2 is an equilibrium strategy. If the

buyer receives an ad from only one seller the buyer will purchase from that seller, since (A12) holds.
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Given the above results (i.e., ��H > ��h > ��l ) and deviation pro�ts which are also in this case
�d = p� �� for any type of seller, the only participation and incentive compatibility constraints to be
checked are those of l. Thus, noticing that the equilibrium pro�t of the l type is unchanged relative to
the perfect correlation case, the characterization is identical to that of Proposition 1. Notice however
that equilibrium beliefs are now di¤erent and more importantly pro�ts of type H are increasing in %
(since d� is independent from %). �
Quadratic cost function. Suppose the cost function is c (x) = k x

2

2 with k > 0. Notice �rst that
c00 (x) = k and c000 (x) = 0. Then

t� =
p�

2k
;

d� =
p�

2k
� �
k
;

and notice that 1 > t� > d� > 0 requires k > p�

2 > � so that a necessary condition for the existence of
pooling equilibria with deceptive advertising is k > �.

Note that, in a pooling equilibrium with deception it holds

"t (p
�) + "t (p

�) = t� + d� < 2;

which, evaluated at p� = 2�, becomes
�

k
< 2;

which is always true given k > �. Thus Proposition 6 applies to the quadratic case. It is immediate to
check that equilibrium pro�ts are increasing in the pooling price also for p�� < 2�.

The condition under which ex-ante pro�ts in separating are lower that ex-ante pro�ts in pooling is
that �� (2�) > �s. Pro�ts are

�s =
�

2

�� (p�) =
1

2

�
p�
�
1� p�

4k

�
+
�2

2k

�
so that

�� (2�) > �s , � <
�

2k
(4k � �) ;

which is condition (A10).
The existence condition of pooling equilibria, condition (8), provided the participation constraint is

satis�ed so that �(�; �l) = �
�
1 + c0�1 (�)

�
, boils down to

� > �(�; �l) , � >
�

k
(k + �) :
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Thus, condition (22) de�nes a non empty set as long as

�

2k
(4k � �) > �

k
(k + �) , � <

2

3
k:

Notice �nally that (8) is not satis�ed if

� <
�

k
(k + �) (= � >

k

2

"r
1 +

4�

k
� 1
#
;

as noted in the text.
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